Luca Oneto

Model Selection and Error

Estimation in a Nutshell

- Monograph -

February 13, 2020

Springer












Do not worry Dad.

You know.

I understood you.

Even your mistakes.

And at the end, I am like you.

Luca Oneto






Foreword

The field of Machine Learning plays an increasingly important role in sci-
ence and engineering. Over the past two decades, the availability of powerful
computing resources has opened the door to synergistic interactions between
empirical and theoretical studies of Machine Learning, showing the value of
the “learning from example” paradigm in a wide variety of applications. Never-
theless, in many such practical scenarios the performance of many algorithms
often depends crucially on manually engineered features or hyperparameter
settings, which often make the difference between bad and state-of-the-art
performance. Tools from statistical learning theory allow to estimate the sta-
tistical performance of learning algorithm and provide a means to better un-
derstand the factors that influence algorithm’s behavior, ultimately suggesting
ways to improve the algorithms or designing novel ones. This book reviews
in an intelligible and synthetic way the problem of tuning and assessing the
performance of an algorithm allowing both young researches and experienced
data scientists to gain a broad overview of the key problems underlying model

selection, state-of-the-art solutions, and key open questions.
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Preface

How can we select the best performing data-driven model? How can we rig-
orously estimate its generalization error? Statistical Learning Theory (SLT)
answers these questions by deriving non-asymptotic bounds on the gener-
alization error of a model or, in other words, by upper bounding the true
error of the learned model based just on quantities computed on the available
data. However, for a long time, SLT has been considered only an abstract
theoretical framework, useful for inspiring new learning approaches, but with
limited applicability to practical problems. The purpose of this book is to give
an intelligible overview of the problems of Model Selection (MS) and Error
Estimation (EE), by focusing on the ideas behind the different SLT-based
approaches and simplifying most of the technical aspects with the purpose of
making them more accessible and usable in practice. We will start by present-
ing the seminal works of the 80’s until the most recent results, then discuss

open problems and finally outline future directions of this field of research.
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1

Introduction

How can we select the best performing data-driven model and quantify its
generalization error? This question has received a solid answer from the field
of statistical inference since the last century and before [54, 221].

The now classic approach of parametric statistics [80} [I0T], 262] identifies a
family of models (e.g. linear functions), a noise assumption (e.g. Gaussian)
and, given some data, easily provides a criteria for choosing the best model,
along with a quantification of the uncertainty or, in modern terms, an esti-
mation of the generalization error in terms of a confidence interval. On the
contrary, non-parametric statistics addresses the problem of deriving all the
information directly from the data, without any assumption on the model fam-
ily nor any other information that is external to the data set itself [218] 275].
With the advent of the digital information era, this approach has gained more
and more popularity, up to the point of suggesting that effective data-driven
models, with the desired accuracy, can be generated by simply collecting more
and more data (see the work of Dhar [7] for some insights on this provocative
and inexact but, unfortunately, widespread belief).

However, is it really possible to perform statistical inference for building pre-
dictive models without any assumption? Unfortunately, the series of no-free-
lunch theorems provided a negative answer to this question [276]. They also
showed that, in general, is not even possible to solve apparently simpler prob-
lems, like differentiating noise from data, no matter how large the data set
is [165].

SLT addresses exactly this problem, by trying to find necessary and sufficient
conditions for non-parametric inference to build data-driven models from data
or, using the language of SLT, learn an optimal model from data [265]. The
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main SLT results have been obtained by deriving non-asymptotic bounds on
the generalization error of a model or, to be more precise, upper and lower
bounds on the excess risk between the optimal predictor and the learned
model, as a function of the, possibly infinite and unknown, family of models
and the number of available samples [265].

An important byproduct of SLT has been the (theoretical) possibility of ap-
plying these bounds for solving the problems raised by our first question,
about the quality and the performance of the learned model. However, for a
long time, SLT has been considered only a theoretical, albeit very sound and
deep, statistical framework, without any real applicability to practical prob-
lems [263]. Only in the last decade, with important advances in this field, it has
been shown that SLT can provide practical answers [10] 25| [85] 110} 147, [195].
We review here the main results of SLT for the purpose to select the best
performing data-driven model and to quantify its generalization error. Note
that we will not cover all the approaches available in the literature, since it
would be almost impossible and also not very useful, but we will cover only the
ground-breaking results in the field since all the other approaches can be seen
as a small modification or combination of these ground-breaking achievements.
Inspired by the idea of Shewchuk [244], our purpose is to provide an intelligible
overview of the ideas, the hypotheses, the advantages and the disadvantages
of the different approaches developed in the SLT framework. SLT is still an
open field of research but can be the starting point for a better understanding
of the methodologies able to rigorously assess the performance and reliability
of data-driven models.
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The “Five W” of MS & EE

Before starting with the technical parts we would like to answer five simple
questions regarding the problem of MS and EE:

e What is MS and EE?

e Why should we care?

e Who should care?

e Where and When this problem has been addressed?
For what concerns the first “W”, MS and EE can be defined respectively as
the problem of selecting the data-driven model with the highest accuracy and
the problem of estimating the error that the selected model will exhibit on
previously unseen data by relying only on the available data. Example of MS
problems are: choosing between different learning algorithms (e.g. Support
Vector Machines [265], Random Forests [51], Neural Networks [39], Gaussian
Processes [220], Nearest Neighbor [72], and Decision Trees [216]), setting the
hyperparameters of a learning algorithm (e.g. the regularization in Support
Vector Machines, the number of layers and neurons per layer in a Neural
Network, the depth of a Decision Tree, and k in k-Nearest Neighbor), and
choosing the structure of a learning algorithm (e.g. the type of regularizer
in Regularize Least Squares [259, 282] and the families of kernels in Multi-
ple Kernel Learning [106]). Once all the choices have been performed during
the MS phase and the data-driven model has been built, the EE phase deals
with the problem of estimating the error that this model will exibit on pre-
viously unseen data based on different tools such as: probability inequalities
(e.g. Hoeffding Inequalities [I18], Clopper-Pearson Inequalities [67]), concen-
tration inequalities (e.g. Bounded Difference Function [181], Self Bounding
Functions [46, 48, [134] 254]), and moment inequalities [47]. Note that, in this
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work, we will deal only with methods which do not make any assumption on
the noise that corrupts the data and that require only quantities that can be
computed on the data themselves.

Regarding the second “W”, MS and EE is a fundamental issue when it comes
built data driven models. The first reason is that even advanced practitioners
and researchers in the field often fail to perform MS and EE in the correct way.
A quite representative evidence of this fact is a recent work published in one
of the best journals in the field [95] where the performance of the state-of-the-
art learning algorithms have been compared on a large series of benchmark
datasets. In this work it is stated that Random Forests is the best performing
algorithm but in a recent work [271] other researchers showed that the original
work [95] contained a pretty serious flaws in how the MS and EE have been
performed: in particular, an hold out dataset was missing leading to biased
results. The second reason is rather simple: any data scientist wants to build
the best data-driven model in terms of accuracy and have an idea of its actual
performances when the model will be exploited in a real world environment.
The third reason is that a series of no-free-lunch theorems [97), 276] ensure us
that MS and EE will be always necessary since there will never exist a golden
learning algorithm able to solve all the data related problems in the optimal
way. The last, but not less important, reason is that in literature, due to the
lack of knowledge of the problem of MS and EE, most of the research findings
are false or report biased results [I15] 120].

Regarding the “Who”, the answer is a simple consequence of the “Why”
since every data scientist, machine learner, data miner, and every practitioner
which uses data should understand these concepts in order to provide reliable
analyses, results, insights, and models. Probably the most technical issues of
MS and EE are not fundamental for practitioners but having a general idea
of the problems and the state-of-the-art tools and techniques able to address
them is crucial for everyone in order to obtain rigorous and unbiased results.
Finally for the “Where” and “When” the answer, is simpler. The problem of
MS and EE have been addressed in very theoretical Machine Learning and
advanced Statistics papers mainly from the 1960 until today. Because of its
intrinsic theoretical foundations it is prohibitive for a practitioner to read
and comprehend the notation and the ideas proposed in these papers. This
book is born from this observation and from a quite inspiring work on the
gradient descend algorithm [244]. In fact, most of the time, the ideas behind
the methods are quite simple and easy to apply but the technicalities and
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the knowledge taken for granted make most of the available literature hard
to comprehend. In this book we will try to keep the presentation as simple
as possible by presenting the problems, the hypotheses, and the ideas behind
the methods without going in too many technical details but still presenting
the state-of-the-art results in the field. In particular, we will start from the
first works of 1960 about probability inequalities [5] [0, I8, 19, 35 B6] B8]
[67, [76, [R9HITL, 118, 137, 1770, 175, [195] 255], and proceed with the asymptotic
analysis [T}, 43} [96], 265] of 1970, and concentration inequalities [44] 4648, [134]
154 [T55] 254, 256], [257] of 1980, then move to the finite sample analysis [3} 10,
13}, 22} 23, 25-27, 30} 32} 3], 37, 40, [55], [T02HI05), 140, 14T 146} 150, 152} 153
159, 160} 163, 172, 176, T78-180, 185 190, 192} 194] 196] 198 20T, 207, 217,
227, [229], 231H236], [240H242], 260}, 264, [278] of 1990, the milestone results of the
2000 about learnability [49, @3] T3], 174, 186l 195, 212] 238, 238, 261], until
the most recent results of 2010 on interactive data analysis [41], [56], 58] 83}

85} 94, [114], (115|124} 145, 189, 191}, 219] 250} 273].
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Preliminaries

In this section we will give an overview of the problem of learning based on em-
pirical data. In particular we will first generally discuss about the inference
problems with particular reference to the inductive case and the statistical
tools exploited to assess the performance of the induction process. Then we
will depict, in details, the Supervised Learning (SL) framework, which repre-
sents one of the most successful use of the inductive reasoning. In this section
we will also introduce the main subject of this monograph: the MS and EE

problems.

3.1 Induction and Statistical Inference

Inference is defined as the act or process of deriving logical conclusions from
premises known or assumed to be true [54]. According to the philosopher
Charles Sanders Peirce [210] there are three main different approaches to
inference (see Figure : deductive, inductive, and abductive reasoning.
In the deductive reasoning based on a rule it is possible to map a case into a
result. An example of deductive reasoning is:

e rule: all the swans in that lake are white

e case: there is a swan coming from that lake

e result: this swan is white
In the inductive reasoning a rule is inferred based on one or more examples of
the mapping between case and result. An example of inductive reasoning is:

e case: this swan comes from that lake

e result: this swan is white

e rule: all the swans in that lake are white



8 3 Preliminaries
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Fig. 3.1. Human inference approaches based on the philosopher Charles Sanders

Peirce.

In the abductive reasoning a possible case is inferred based on a result and a
rule. An example of abductive reasoning is:

e result: this swan is white

e rule: all the swans in that lake are white

e case: this swan comes from that lake
Deduction [210} 2T3] 252] is the simplest inference approach since it does not
imply any risk. The process is exact in the sense that there is no possibility
of making mistakes. Once the rule is assumed to be true and the case is
available there is no source of uncertainty in deriving, through deduction,
the result. In other words deduction is only able to infer a statement that is
already necessarily true from the premises. Mathematics, for example, is one
of the most important example of the importance of the deductive reasoning.
Inductive reasoning [210, 214], instead, implies a certain level of uncertainty
since we are inferring something that is not necessarily true but probable.
In particular we only know that it exists at least one case (the one observed)
where the inferred rule is correct. The inductive reasoning is a simple inference
procedure that allows to increment our level of knowledge, since the induction
allows to infer something that is not possible to logically deduce just based
on the premises. Since the rule cannot be proved it can be falsified, which
means that we can test it with other observations of cases and results [214].
The inductive reasoning is the cornerstone of the scientific method where a
phenomenon is observed and a theory is proposed and remains valid until one
case falsifies it. Consequently another theory must be developed in order to
explain the observations which have falsified the original one. Abduction [210,
214], finally, is the most complex inference approach since abductive reasoning
tries to derive a result which, as in the inductive case, cannot be deduced
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from the premises but, moreover, there is neither one observation which can
tell us that the statement is true. By repeating the observations, differently
from the inductive case, it is not possible to falsify the statement. In order
to falsify the statement, another experiment bust be designed; in other words
the phenomenon must be observed from another point of view. Abductive
inference is at the basis of the most modern scientific theories where, based
on the observed facts and current theories, another theory about unobserved
phenomena is built and the experiments for falsifying it are developed.

In this book we will deal only with the problem of induction, since it is the
only one that can be exploited for increasing our level of knowledge starting
from some observations, and that can be also falsified based on them. In
particular we will deal with the problems of inferring the rule, given some
examples of cases and results. In the field of learning this problem is called
SL, where the rule is an unknown system which maps a point from an input
space (the case) to a point in an output space (the result). But this does not
conclude the learning process. The quality of the learning procedure must be
assessed and tuned by estimating its error based on the desired metric. In
order to reach this goal we will make use of statistical inference techniques.
Among the others it is possible to identify two main approaches to statistical
inference:

e the bayesian one, where the observations are fixed while the unknown
parameters that we want the estimate are described probabilistically;

e the frequentist one, where the observations are a repeatable random sam-
ple (there is the concept of frequency) while the unknown parameters
that we want the estimate remain constant during this repeatable process
(there is no way that probabilities can be associated with them).

Bayesian inference derives the posterior probability P{H|E}, which represents
the probability of the event H since we observed the event E (note that since F
has been observed, this implies that P{E} # 0), based on the Bayes’ theorem
which states that:

P{E|H}P{H}
P{H|E} = ————. 1
where
e P{E|H} is the likelihood, which is the probability of observing E given
H;

e P{H} is the prior probability, that is the probability of H before observing
E.

)
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e P{E} is the marginal likelihood (or evidence), computable from P{E|H}
and P{H}.
The proof of the Bayes’ theorem is trivial and comes from the definition of
conditional probability. In fact by definition we have that

P{H|E} = W, (3.2)
P{E|H} = w. (3.3)
Note that if P{E} = 0 it automatically implies that
P{H, E},P{H|E}, P{H|E} = 0. (3.4)
Analogously if P{H} = 0 we have that
P{H, E},P{H|E},P{H|E} = 0. (3.5)
Consequently we can state that
P{H|EYP{E} = P{E|H}P{H}, (3.6)

which implies the Bayes’ theorem. The result of a Bayesian approach is the
complete probability distribution of the event H given the available observa-
tion E. From the distribution it is possible to obtain any information about
H. If H is the value of a parameter that characterizes E we can compute the
expected value of the parameter, its credible interval, etc.

Frequentist inference has been associated with the frequentist interpretation
of probability. In particular the observation of an experiment can be consid-
ered as one of an infinite sequence of possible repetitions of the same experi-
ment. Based on this interpretation, the aim of the frequentist approach is to
draw conclusions from data which are true with a given (high) probability,
among this infinite set of repetitions of the experiment. Another interpreta-
tion, which does not rely on the frequency interpretation of probability, states
that probability relates to a set of random events which are defined before the
observation takes place. In other words an experiment should include, before
performing the experiment, decisions about exactly which steps will be taken
to reach a conclusion from future observations. In a frequentist approach to
inference unknown parameters are considered as fixed and unknown values
that can not be treated as random variables in any sense. The result of a fre-

quentist approach is either a true-or-false conclusion from a significance test
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or a conclusion in the form that a given sample-derived confidence interval
covers the true value: both these conclusions has a given probability of being
correct.

Finally we would like to underline that Bayesian and Frequentist statistics can
be also described in a more informal way. Bayesian statistics tries to describe
in a rigorous way the initial prior belief about a problem and the update
in the belief as some observation about the problem are made by creating
posterior belief. Frequentist statistics, instead, concerns itself with methods
that have guarantees about future observations, no matter the personal belief.
Both approaches are quite natural: regarding the Frequentist statistics, if you
compute something that occurs many times then you can be assured that it
will continue to occur. However, also, the idea of belief is very natural: if you
have prior knowledge about your data then you should try to incorporate it.
Moreover a typical error while applying the Frequentist approach is to run
an experiment, look at the output, and change the experiment design. This
represents the act of incorporating prior belief without taking it into account.
With Bayesian statistics, you can explicitly deal with beliefs.

However in this book we will mainly adopt the Frequentist approach. One can
refer to other works for a general review [I10] of the Bayesian approach and

the difference with the Frequentist one.

3.2 The Supervised Learning Problem

In the SL framework the goal is to approximate a generally unknown system,
or rule, & : X — ), which maps a point = from an input space X into a
point y of an output space ), through another rule R : X — ) learned
by observing &, which again maps a point z € X into a point § € ) (see
Figure . The space Z is defined as the cartesian product between the
input and the output space Z = X x ) and z € Z is a point in this space.
There are many kinds of unknown rules &: the deterministic ones, where a
point x € X is mapped into a single point y € ), and the probabilistic ones,
where a point * € X can be mapped to different points in y € ). In this
monograph we assume to always deal with probabilistic rules, since they can
model also the deterministic and hybrid ones. Consequently we suppose that
S can be modelled as a probability distribution p over Z. Note that, in real
world applications, the use of probabilistic rules is necessary, for example,

because X can be just a subspace of all the inputs of the system & and then,
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Fig. 3.2. The SL Problem.

even if & is a deterministic system, it may degenerate into a probabilistic one.
Moreover the inputs and outputs of a real system must be measured, stored
and processed, consequently some noise is always introduced and it must be
modelled through probabilistic tools.

Based on the properties of the output space it is possible to define different
SL problems: the classification problems, where the output space consists in a
finite set of possibilities and there is no hierarchy between the different y € ),
and the regression problems, where ) is a subset of a possibly infinite set of
outputs and there is a hierarchy between the different y e ).

From & it is possible to retrieve a series of n examples of mapping, which are
called labelled samples D,,. Note that, in general, n is fixed, hence we cannot
ask for more samples. The goal in the SL framework is to map D,, € Z™ into
a rule R belonging to a set of possible ones R during the so called learning
phase. The mapping is performed by a learning algorithm: o7 : Z™ — R. Note
that 9} can be:

e a deterministic rule where fR is a deterministic function f : X — Y and R
is a set of deterministic functions F (or hypothesis space). In other words,
once f* € F is chosen by & in order to predict the true label y € Y
associated to a point z € X', we have to apply f to z and thus we obtain
y = f(x) with 5 € Y. Note that to each point z € X is associated always
with the same ¢ € ) even if we classify a point x € X many times;

e a probabilistic rule (or randomized function) where R is a probability
distribution Q over a set of deterministic functions F and R is a set of
possible distributions Q. In other words, once a Q* € Q is chosen by &
in order to predict the label y € ) associated to a point = € X, we have
to sample one function f € F according to Q* and then apply f to z in
order to obtain § = f(z) with § € Y. Note that to each point € X' can
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be associated to a different y € ) if we try to classify a point z € X more
times.
During the presentation we will deal only with deterministic and probabilistic
rules. The same reasoning can be done for .27, since it can be:
e a deterministic algorithm, which means that & returns always the same
R if D,, does not change;
e a probabilistic algorithm (or randomized algorithm) where .7 may return
a different R even if we provide the same dataset D,, to the algorithm ..
The quality of SR in approximating & is measured with reference to a loss
function ¢ : R x Z — R. Mostly we will use a [0, 1]-bounded loss function
since the extension to the [a,b]-bounded is trivial, while to analyze the case
of unbounded losses, one usually truncates the values at a certain threshold
and bounds the probability of exceeding that threshold [IT1].
Hence it is possible to introduce the concept of generalization (true) error.

For a deterministic rule R € R it is defined as
L(R) = L(f) = E=vpfl(f, 2)}- (3.7)

For probabilistic rule, instead, it is defined as
LR) = L(Q) = E.~,Er{l(f, 2)}. (3.8)

Note that the generalization error is one of the most informative quantities
that we can estimate about fR. It allows us to give a rigorous measure of
the error of our approximation by stating that, on average, the error of our
approximation with reference to a loss function ¢ is equal to L(fR).

Let us suppose that the probability distribution over Z is known and that
we have access to all the possible rules (probabilistic and deterministic). By
all the possible rules we mean all the possible ways of mapping X to Y. In
this case it is possible to build the Bayes’ rule, which is the best possible
approximation of & with reference to a loss function ¢ (see Figure . The
Bayes’ rule Z : X — ) is defined as

KRB - arginf L(R). (3.9)

Unfortunately, in general it is not possible to have access to all the possible
rules but just to a finite set R of possible ones, therefore, in this case, we can

define the best approximation of the Bayes’ rule in R, which is R*, as

R* : arg %Q%L(D%). (3.10)
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Fig. 3.3. The Bayes’ rule, its approximation and the different sources of error.

The error due to the choice of R is called approximation error since it is the
error due to the fact that SRBes ¢ R (see Figure . Unfortunately, in gen-
eral, also the probability distribution over Z is unknown and consequently
L(R) cannot be computed. The only thing that we can do is to use the algo-
rithm &7, which basically maps D,, into a rule R according to an heuristic,
that can be more or less strongly theoretically grounded, which tries to find
M* € R based just on D,,. The result is a rule R* € R defined as

R* : o/ (D). (3.11)

The rule R* is affected by the estimation error, with respect to R*, due to
the fact that the probability distribution over Z is unknown and just D,, is
available. Consequently, with respect to %8B2¥¢s_ the rule R* is affected by two
sources of error: the approximation and the estimation errors (see Figure .
In this monograph we will deal with the problem of learning from empirical
data where the only information available during the learning phase is D,,.
Consequently it is possible to identify several problems that arise during any
learning process: how R must be designed, how &/ must be designed, how to
choose between different set of rules and different algorithms in order to reduce
the different sources of error, how the generalization error can be estimated
based on D,,.

These issues related to designing R and 7 are out of the scope of this book.
For a deep treatment of the problem of algorithms design, implementation
and related issues one can refer to many books [39, [63], 113 237, 274].

The problems that we will face in details in this monograph are, instead the
remaining issues related to any learning process: the MS and the EE phases.
Any algorithm, more or less explicitly, is characterized by a set of hyperpa-

rameters which defines the set of rules from which the algorithm will choose
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the final one. Consequently one of the most critical problems in learning is
how to choose the best configuration of this hyperparameters h in a set of pos-
sible configurations H. The problem could also be generalized to the problem
of choosing between different algorithms. Basically one has to choose between
different algorithms o7 € A, each one characterized by its configuration of

hyperparameters h € H o
AH:{,th:JZ{EA,hEIHgg}. (3.12)

Note that once the best algorithm %, € Ay is chosen the final rule can be
selected by applying the algorithm to the available data D,,. Consequently the
first problem that we will face in this monograph is the one of choosing <7, €
Az based just on the empirical observations (D,,). In the learning process this
phase is MS or, more generally, performance tuning phase.

MS is tightly related with the second issue that we will face in this monograph,
which is how to estimate the generalization error of the learned rule 9R. This
phase is called EE or, more generally, performance assessment phase. The link
between the MS and EE phases is that the purpose of any learning procedure
is to find the best possible approximation of the Bayes’ rule given D,,, and by
best possible approximation we mean the rule with the smallest generalization
error. In order to estimate the generalization error of a R the state-of-the-art
approach is to use probabilities and concentration inequalities [35), [36, 38, 44}
46H48, [67, 118, 134, [154) [155, [T70, 175l 254H257] which allow to prove that

P{L(R) > A} < 5(4), (3.13)

where the confidence § is a function of the accuracy A and vice-versa. In
other words we are able to guarantee, with high probability, that the gener-
alization error will be larger than a particular quantity or alternatively that
the probability of the generalization error to be large is small.

The MS phase is tightly related with the EE one since, if we find a way to
accurately estimate the generalization error of a rule, we can easily obtain a
criterion to select among different rules (i.e. different algorithms or different
configurations of the hyperparameters of the algorithm) by choosing the one
which minimizes the estimated generalization error. This approach, which is
the golden standard, obviously has some drawbacks (see Figure: the sharp
is the estimation of the generalization error the higher will be the probability
to select the best model (perform a good MS phase) while the loose is the
estimation the lower will be the probability to perform a good MS phase.
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Fig. 3.4. Advantages and disadvantages of using EE for MS purposes.

Note that, in this book, we will just present methods for MS and EE that rely
only on D,, in order to be applied. Each method presented will not require

any additional oracle or a-priori knowledge in order to be adopted in practice.

3.3 What Methods Will Be Presented and How?

In this book we will present six approaches to MS and EE:
e Resampling methods (Hold Out, Cross Validation and Bootstrap);
e Complexity-based methods (Union and Shell bounds, V. N. Vapnik and
A. Chernovenkis Theory, Rademacher Complexity Theory);
e Compression bound;
Algorithmic Stability Theory;
PAC-Bayes Theory;
Differential Privacy Theory.
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At the best knowledge of the authors these six approaches are the state-of-the
art ones and any other approach is a modification or combination of the latter.
In order to not overcomplicate the presentation and the notation (and avoid
the agonizing pain) we will use a different notation, as simple as possible, for
each family of methods. This also has the benefit for the reader to focus on
just one particular approach.

For each of the methods we will present the general idea, the hypothesis, the
field of application, the technicalities of the method itself, its advantages and
disadvantages. We will not report too many technical details which can be

retrieved in the original papers.
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Resampling Methods

Resampling methods [10, [19] 119} [137], also called Out-of-Sample methods, are
favoured by practitioners because they work well in many situations and allow
the application of simple statistical techniques for estimating the quantities of
interest. Some examples of resampling methods are the Hold Out (HO), the
well-known k-Fold Cross Validation [19] 137] (KCV), the Leave-One-Out [100]
(LOO), and the Bootstrap [5l [91] (BTS).

The idea behind these methods is quite simple: if a rule performs well on data
that have not been used for selecting the rule itself than probably the rule
will generalize, namely it will have small generalization error.

The underlying hypothesis that needs to be clearly expressed for supporting
the idea behind the resampling methods is that the data must come from a
phenomenon that does not change in time; basically we are assuming that
the available data and the future sampled data must be independent and
identically distributed (i.i.d.).

Note that these methods can be applied to both deterministic and probabilistic
rules and algorithms.

Resampling techniques rely on a similar approach: the original dataset is re-
sampled, with or without replacement, to build two independent datasets
called, respectively, the learning and validation (or estimation) sets. The first
one is used for learning different rules (through different learning algorithms
and different configurations of the hyperparameters for each algorithm), while
the second one is exploited for estimating the generalization error of each rule
in order to choose the best one (MS phase). Note that the error on the learn-
ing set is obviously optimistically biased but also the one on the validation

set is optimistically biased since we reuse the data many times in order to
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select the best rule (the overvalidation phenomenon). Therefore, in order to
estimate the generalization error of the final rule, it is necessary to possess
a third set, called the test set, by nesting two of the resampling procedures
mentioned above. Since the data in the test set are i.i.d. with respect to the
learning and validation sets the error of the selected rule on the test set rep-
resents an unbiased estimator of the generalization error which can be easily
used to estimate it (EE phase).

Note that the resampling procedure itself may introduce artifacts in the es-
timation process (e.g. unlucky splittings) and must be carefully designed. In
particular it is not clear how to split the data when a small sample is avail-
able [I0] and what the size of learning, validation, and test sets should be
with respect to the available observations [6] [20].

More formally let us consider the SL framework where X and ) are, respec-
tively, the input and the output spaces. We consider a set of i.i.d. labeled
samples D, : {z1, - ,2,} of size n where z € X, ye€ YV, and z€ Z = X x ).
The samples in D,, are sampled from an unknown probability distribution
u over Z. A learning algorithm o7, characterized by its configuration of the
hyperparameters h, maps D,, into a rule R : @,(D,,). The rule R maps an ele-
ment of the input space X into an element of the output space ). In particular,
a7y, allows designing a rule R € R and the set of rules R. R can be, in general,
unknown [10, 25| [195]. The accuracy of a rule R in representing the hidden
relationship p is measured with reference to a loss function £ : R x Z — [0, 1].
The quantity which we are interested in is the generalization error [265],
namely the error that a model will perform on new data generated by u

and previously unseelﬂ
L(R) =E4(R, 2). (4.1)

Unfortunately, since p is unknown, L(fR) cannot be computed and, conse-
quently, must be estimated. Then we have to resort to its empirical estimator,

in this case the empirical error [265]
~ 1
L(%, D) = ~ D UR,2), (4.2)
zeD,

together with its variance [175]
% _ 1 n o \12
V(R,D,) = D) DT R, ) — 6:, )] (4.3)

2'eD,, z"€D,,

! For improving the readability of the paper we abbreviate E,~, with E,



4 Resampling Methods 21

As we described before these techniques rely on a similar idea: the original
dataset D,, is resampled once or many (n,.) times, with or without replace-
ment, to build three independent datasets called learning, validation, and test
sets, respectively £}, V5, and 7,”, with r € {1,--- ,n,}. Note that L] NV} = @,
LiNnT =@, and V], n T =@

Then, in order to select the best algorithm «7* in a set of possible ones A,
together with the best configuration of its hyperparameters chosen in a set of

possible ones for each algorithm # .,

Ay ={) : o € A,he Hy}, (4.4)
or, in other words, to perform the MS phase, we have to apply the following
procedure

o L(h(L]), V] 4.5

W min Z W(LD),Vy). (4.5)

r=1

Since the data in £ are i.i.d. from the one in V}, the idea is that <7/ should be
the algorithm, together with its hyperparameters configuration, which allows
to achieve a small error on a dataset that is independent from the training
set.

But why are we selecting this criterion for choosing 27*? The reason is simple
and yet quite theoretical.

Let us suppose that |Az| = 1. In this case since the data in V], are i.i.d. with
respect to the ones in L], also the errors that .27, (£]) commits on each z € V]
are i.i.d. Then, by exploiting for example the Hoeffding Inequality [118], we
can state that

Puy {L(A(L]) > D(ah(c]), V) + A} < e, (4.6)
Pyg {[L(ah(£D)) = Lo (£), V)| = A} < 2e727, (4.7)
or, alternatively, that with probability (1 — d)
D€)< LCh(£7), V) +] 8, (4.9
L (€D - Eo(ep), V)] < ) ) (1.9

These exponential bounds state that, with high probability, the distance

between the generalization error and the empirical error goes to zero as
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0 (\/%) The larger is V, the more accurate will be the estimation but
the smaller will be £ and then the less data we have for building the rule.
Basically the term \/W measures the uncertainty due to the fact that
instead of observing the whole population we have observed just V;, and then
the empirical error has been computed over this set.

If | Ay| = n. > 1 we need to have n, different validation sets V}, one for each
element in Ay in order to estimate the generalization error of each rule. This
is obviously not possible since we should partition D,, in too many sets of too
small cardinality.

At the same time, if n, > 1 and we use always the same validation set V],
in order to estimate the generalization error of each rule we cannot use the
Hoeffding Inequality since V] is used n. times. The solution is to employ the
Hoeflding Inequality [118] in combination with the Bonferroni Correction [45]
and obtain that

Pyy {L(o(£D)) = LA (L), VD) + A} <nee™, Ve Ay, (410)
Py; {|L((£])) = L (£]), V)

> A <2nee ", Vo€ Ay, (411)

or, alternatively, that with probability (1 — d)

L(h(LD)) = L (L]), V)

L(h(L])) < L(h(L]), V) «/ 3 . Vehedy o (4.12)
\/7 , V), € Ay, (4.13)
In this case the bound is composed by three terms: the first one is the empirical
error of the rule on the validation set, the second one 4/1n(nc)/2y depends
on the number of times we exploited the validation set, and the third one
\/Wé)/zv has the same meaning described above.
At this point we can provide a reason behind the approach of Eq. .
With the approach proposed in Eq. we are choosing the algorithms
together with the configuration of their hyperparameters which minimized
the estimated generalization error of the rules selected by those algorithms
(the approach of Figure averaged over the n, repetitions of the splitting
procedure.
The EE phase came straightforward from the description of the MS phase,
where we can state that the following bounds hold with probability (1 — ¢)
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n(t
L(}(Dy)) < L( (Dn)) + 12(:) : (4.14)
L (O) - D )] < 4 o), (4.15)

and where L(*(Dy,)) = = 307 L(a/*(L] U V5), T;") for brevity.
In fact, in this case, 7, is i.i.d. from £} U V[, it is used just once and the
Hoeffding Inequality [T18] can be exploited.

Note that after 7" is found, one can extract the best rule by training the algo-
rithm with the whole dataset [16] 7*(D,,). Note that this approach, although
sound and adopted as common practice, is not theoretically grounded. The
rigorous approach would be to randomly select one of the rules «7* (L] U V})
with r € {1,--- ,n,} each time a new sample has to be labeled, but this
procedure is usually not taken into account for practical reasons [10, [16] [19].
Note also that if n, = 1, if [, v, and t are aprioristically set such that n =
l + v+t and if the resample procedure is performed without replacement
we get the hold out method [I0]. For implementing the complete k-fold cross
validation, instead, we have to set n, < (Z) ("7,:’/’“), I = (k—2)n/k, v =7k, and
t = n/k and the resampling must be done without replacement [10] 19 [137].
Finally, for implementing the bootstrap, | = n and £] must be sampled with
replacement from D,,, while V] and 7;" are sampled without replacement from
the sample of D,, that has not been sampled in £] [10, O1]. Note that for the
bootstrap procedure n, < (2";1).

Finally note that the bounds of Eqns. (4.14) and can be sharpened
both in the rate of convergence and both in the constants involved in the
bounds [7].

For example we can use a Chernoff-type bound [65] which is sharper when
the empirical error is small and it can exhibit a fast convergence rate O (1/)

3 (3) 3m(3)

4.16
t L @)

L(e(Dn)) = L (Dw)| < \/iwh*mn))

where the bound holds with probability (1 — §).
Another option is to use a Bennet-type bound [35] [I75] which is sharper when
the variance of the empirical error is small and, as the Chernoff-type bound,

it can exhibit a fast convergence rate O (1/)

21n (%) 71n (%)
t 3(t—1)

L(e(Du)) = L (D) < \/ V(7 (Da) (4.17)
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where the bound holds with probability (1 — §) and where, for brevity, we set
V(¥ (Dn)) = i1 S0, VI (L7 uv), T

The state-of-art option is to use the Clopper-Pearson bound [67]. The latter,
in its original form, can be applied just to the cases when ¢ € {0,1} (e.g. the
classification problems where ¢ = 0 if the predicted class is the same of the
actual class and ¢ = 1 otherwise). Based on the result of Clopper-Pearson [67]
we can state that

Q| 2:tL(e* (D)), t — tL(e7*(D ]

L (D)) e |+

[t - §:1E( (D) + 1,1 - (d*( o1

with probability (1 — §) and where Q[p; v, w] is the p-th quantile of the Beta
distribution with shape parameters v and w. Recently the Clopper-Pearson
bound has been extended [59, 193] in order to be applied to the case of [0, 1]-
bounded losses. Let u be a random variable uniformly distributed over [0, 1]
and let {u1,--- ,u,,} be n; variables sampled i.i.d. from u. Then we can state
that

Q| 2;tLu( a4 (D)), t — tL (5 (D

el € Q|1 — 204 (* (D)) + 1, t—tL“(M,?‘ n] )

with probability (1 — §) and where

LYo} Z D (Lf V), 2) = i (4.20)
nT r=1 zeTT
(each w; is associated with a different z € 7;” and the Iverson bracket nota-
tion [I21] is exploited).
The pseudocode of the resampling-based MS and EE strategy is summarized
and simplified in Algorithm
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Algorithm 1: Resampling Methods: MS and EE Strategy.

Input: Ay, Dy, Method (HO, LOO, KCV, BOO), n,, I, v, t, and ¢
Output: Optimal Model #*(D,,) and its estimated generalization error

L(*(Da)
1 L = +o0;
2 for &), € Ay do
3 LMs=O,LEE=07VEE=OLEE=O;
4 for r — 1 to n, do
5 Sample {u1,---u¢} from u;
6 Split D, in L], V;, and T;" according to the selected Method ;
7 Lus = Lus + Yo, L(an (L)), V1)
8 Lir = Leg + Yo L(h (L] V), T7)
9 Ve = Vies + Yo, V(9 (L] U VD), TT) 5
10 ke = Lig + n%t Z;eﬂr[é(dh*(ﬁzr uVy),2) = i ;
11 if L¥s > Lus then
12 LIT/IS = LMs;
13 AF(Dn) = @n(Dy);
14 Estimate L(#(Dy)) with one of the bounds of Eqns. ({.14),
(#16), (417), and based on &, L(#*(Dy)) = L,
V(e (Dn)) = Vion, and L* (e (Dn)) = Lits;
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Complexity-Based Methods

The idea behind the complexity-based methods is that if an algorithm chooses
from a small set of rules it will probably generalize. Basically, if we have a small
set of rules and one of them has small empirical error, the risk of overfitting
the data is small since the probability that this event has happened by chance
is small. Vice versa if we have a large set of rules and one of them has small
empirical error the risk that this event has happened for chance is high.

Complexity-based methods are probably the most investigated methods be-
cause of their relation with many state-of-the-art learning algorithms. In fact,
most learning algorithms define a set of rules and in this set they select the
one with the minimum empirical error. This procedure is called Empirical
Risk Minimization [265] (ERM). ERM usually leads to overfit the training set
and for this reason the set of rules must be resized in order to be neither too
rich to overfit the available data, leading to large generalization error, nor too
simple. This allows to have small empirical error, leading to a small general-
ization error. The process or resizing the set of rules in order to achieve small
generalization error is called Structural Risk Minimization [265] (SRM) and it
is obviously connected to the MS phase. Another key concept in complexity-
based methods is the localization principle, which answers a simple question:
if a set of rules contains few useful rules (rules with small empirical error) and
many useful rules (rules with high empirical error which will never be selected
by any learning algorithm), is it really large? The answer is that just the rules
with small empirical error should be taken into account when measuring the
size of a set of rules, while the other rules should be disregarded (since they

will never be selected by the learning algorithm).
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Complexity-based methods apply to deterministic rules and algorithms. The
set of rules from which the algorithm chooses must be known, before ob-
serving the data, and the available samples must be i.i.d. samples. Obviously
complexity-based methods cannot be applied to many learning algorithms for
which the set of rules in unknown or data dependent.

In this section we will show the three main results in the context of the
complexity-based methods:

1. the first approaches deal with the problem of finite sized sets of rules: the
Union Bound method [45], 265], which takes into account the whole set of
rules, and the Shell Bound method [I48] [149], which takes into account
just the rules with small empirical error;

2. the second approaches are based on the seminal work of V. N. Vapnik and
A. Chernovenkis and deal with infinite sized sets of rules for the particular
case of binary classification: the VC-Theory [265], which takes into account
the whole set of rules, and the Local VC-Theory [192] which takes into
account just the rules with small empirical error. Extensions to the general
SL framework have been proposed during the year [28| 240} 265] [280],
but overcomplicated and made obsolete by the Rademacher Complexity
Theory;

3. the last approach is the Rademacher Complexity Theory which deals
with infinite sized sets of rules and the general SL framework: the Global
Rademacher Complexity Theory [30, 139, 194, [196], which takes into ac-
count the whole set of rules, and the Local Rademacher Complexity The-
ory [20] 27, 140l 164, 198] which takes into account just the rules with
small empirical error.

For all the complexity-based approaches, we will use a common notation that
we presented here. We recall then the standard SL framework [30] 265], where
the goal is to approximate a relationship between inputs from a set X and
outputs from a set ). The relationship between inputs and outputs is encoded
by a fixed, but unknown, probability distribution p over X x ). The element
(x,y) € X x Y is defined as a labelled sample: the training phase consists in
exploiting a set D,, : {(x1,21), -, (Tn,yn)} of labelled samples in a learning
algorithm &z, which returns a function f : X — ) chosen in a fixed set F of
possible functions. The learning algorithm maps D,, to f € F and the accuracy
in representing the hidden relationship u is measured with reference to a loss
function £: F x X x Y — [0,1]. For any f € F, we define the generalization
error L(f) as the expectation of ¢(f(x),y) with respect to u
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L(f) = Eut(f(2),y), (5.1)

where we assume that each labelled sample is i.i.d. and generated according
to p. Since p is unknown, we can only compute its empirical estimate, the

empirical error

S|

L(f) = = D Uf i) mo)- (5.2)

together with the empirical variance

A~

D) = S N ) — () )P (53)
n(n —1) & ¢

All the quantities strictly related with each particular theory will be presented
in each subsection.

All the fully empirical bounds on the generalization ability of a function f € F
that will be presented in each following subsection of the Complexity based
methods can be used for MS and EE purposes as described in the preliminar-
ies [10, 25] 240]. In fact the bounds will always have the following form

Pp, {L(f) < A(f,Dpn,F,0)} =1—06, VfelF. (5.4)

Then if we want to choose F* € {Fy,--- , Fp,}, namely perform the MS phase,
and estimate the generalization performance of f* = &z« (D,,), namely per-
form the EE phase, we have to follow the procedure summarized in Algorithm
Note that the generalization of the final model is bounded by

L(f*)<A<f*aDnaf*v7j)a Vf*E.F*, Vf*e{fl7"'7fnf}7 (55)
f

with probability (1 — J), since we have applied the Bonferroni correction [45]
over the nr choices for the space of functions [240], 265]. Note that, in Algo-
rithm [2] contrarily to the Resampling methods, the whole data are used both
for training, MS, and EE purposes.

5.1 Union and Shell Bounds

Union and Shell bounds deal with the case of finite |F|. In this case bound-

ing the generalization error of a function chosen in F based on D,, is trivial,
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Algorithm 2: Complexity-based Methods: MS and EE Strategy.
Input: {F1, -+ ,Fny}, Dn, and ¢
Output: Optimal Model f* and its estimated generalization error L(f*)
1 L = +o0;
2 for Fe{F, -, Fny} do
3 [ = d7(Dn);

4 Lus = A(f, Dy, F,0);

5 if L¥s > Lus then

6 L¥s = Lus;

7 f* = o= (Dy);

8 L(f*) = A(1*,Dn, 7,2

basically one has to apply any probability inequality (Hoeffding [I18] or Ben-
nett [35] or Berstein [38] or Chernoff [65] or Clopper-Pearson [67, 193] type
inequalities) together with the Bonferroni correction [45].

By applying this procedure we can state with probability (1—¢) that [45] 118]
965

In (|F]3)

2n

L(f) - L) < vfeF, (5.6)

which is a bound which shows slow rate of convergence O (1/n).

In order to improve the rate of convergence we can use a Chernoff-type
bound [65], which is sharper when the empirical error is small and it can
exhibit a fast convergence rate O (1/n)

230 (F13) | 3 (FI3) VfeF (5.7)
n

L(f) - L] <[ ()

n

where the bound holds with probability (1 — §). Another option is to use
a Bennet-type bound [35| [I75], which is sharper when the variance of the
empirical error is small and, as the Chernoff-type bound, it can exhibit a fast
convergence rate O (1/n)

n 3 n $
L(f) - L) < = (JLH‘S) 731,(n(|f1‘;),

VfeF, (5.8)

where the bound holds with probability (1 — J).
The state-of-art option is to use the Clopper-Pearson bound [67] recently ex-
tended [59, 193] in order to be applied to the case of [0, 1]-bounded losses. Let
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u be a random variable uniformly distributed over [0, 1] and let {uy,- -, u,}

be n variables sampled i.i.d. from u. Then we can state that

Q| s nL(f)on —nLt(f) + 1|

L ~ ~
(f)e Q|1— ﬁ;nL“(f) + Ln—nL“(f)]

, VfeF, (5.9)
with probability (1—0), where Q[p; v, w] is the p-th quantile of the Beta distri-
bution with shape parameters v and w and L*(f) = LS Lef (i), yi) = ]
(the Iverson bracket notation [121] is exploited).
The above mentioned bounds, even if tight and with good rates of convergence,
are not sound from a learning point of view. In fact they take into account
the whole set of functions inside F, while, in practical application, only the
function with small empirical error will be selected by the learning algorithm.
Therefore, just the functions in F with small empirical error should be taken
into account in the above mentioned bounds.
In order to address this issue we will show the approach of the Shell Bound [148],
149]. First we will present a naive version and then we will report the state-
of-the-art bounds.
We can start by defining a subset of the original space of functions F
Fo)={f:remine |t tamll}. G
which are called shells of F. Note that the shell may be empty, hence we
need to take care of this problem as we will see later. Moreover the number
of distinct shells are n, one for L(f) € [O7 %]7 one for L(f) € [%, %]7 and so on
until L(f) € [%=2,1].
Then if we choose a function in one of these shells we can say that with
probability (1 — ¢)

In (I7(p)l5)

2n ’

L(f) < L(f) + Vf e F(p). (5.11)

Note that |F(p)| = 1 since we selected a function in it. Nevertheless, since
p is unknown, and then also L(f) is unknown, we do not know what shell f
belongs to and then we have to take the worst case scenario of L(f) and also
apply the Bonferroni Correction [45] over the number of shells (n). Then we
can state [I149] that with probability (1 — )

L(f) < max p:péz(f)+\/ln(maX(Lu:(p)Dg) . VfeF, (5.12)

pef0,1] 2n
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note that the max(1,-) takes care of the fact that some shells may be empty.
Unfortunately the bound of Eq. cannot be adopted in practice since
|F(p)| cannot be computed because L(f) is unknown. With a rather technical
but simple proof it is possible to prove [149] [I77] that with probability (1 — )

1 ln(%")
n o1 ([0 ©&13)

Fw) < |Fw.0)| =2 f:feF,

L(f) —p’ <

which means that the number of functions in a shell defined based on the
generalization error is upper bounded by the number of functions in another
shell defined based on the empirical error. By combining Eqns. and
we obtain that with probability (1 — §)

~

In (max (1,
L < p< L )
(f) max AP (f)+ o™

VfeF,

(5.14)

which is the fully empirical Shell bound. Note that the bound of Eq.
takes into account only the functions in F with small empirical error. Unfor-
tunatelly the bound of Eq. shows slow rate of convergence.

In order to improve the rate of convergence we can use its Chernoff-type [65]
version, which is sharper when the empirical error is small and it can exhibit

a fast convergence rate O (1/n)

L(f) <prél[3§] p:p < L(f)+A\| L(f) -

+ , VfelF,

where the bound holds with probability (1 — §). Another option is to use
a Bennet-type bound [35] [I75], which is sharper when the variance of the
empirical error is small and, as the Chernoff-type bound, it can exhibit a fast

convergence rate O (1/n)
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o (el

L(f) < max < p:p < L(f)+\|V(f) > (5.16)

pel0,1] n

rin (22010

3(n—1) ’

+ VfeF,

where the bound holds with probability (1 — §).

The state-of-art option is to use the Clopper-Pearson bound [67] recently ex-
tended [59, [193] in order to be applied to the case of [0, 1]-bounded losses. Let
u be a random variable uniformly distributed over [0,1] and let {u1,--- ,un}

be n variables sampled i.i.d. from u. Then we can state that

1) ~ ~
L(f)< max < p: p<Q — snLY(f),n—nL“(f)+1]| ¢,
pel0.1] 2nmax (1, |7 (p, )]
VfeF, (5.17)

with probability (1—0), where Q[p; v, w] is the p-th quantile of the Beta distri-
bution with shape parameters v and w and and L¥(f) = LS e (), pi) =

u;] (the Iverson bracket notation [121] is exploited).

5.2 V. N. Vapnik and A. Chernovenkis Theory

Measuring the complexity of a set of rules is of crucial importance for a learn-
ing system, because it allows effective controlling of the learning process itself
and careful trade-off of possible under- and over-fitting effects in model infer-
ence. Starting from the 1960s, Information Theory [246] and SLT [266] opened
deep insights in this respect and clearly showed that naive complexity mea-
sures, such as the number of parameters of a model or the number of rules
in a set, are not able to guide a learning process toward the selection of rules
with good generalization capabilities. Simple one-parameter rules exist that
can over-fit any dataset, while some infinite-parameter models can achieve
good generalization [265].

The two classical approaches mentioned earlier resulted in the definition of
advanced complexity measures, capable of better evaluating the actual hy-
pothesis space learning capacity. Kolmogorov, Chaitin, and Solomonoff inde-

pendently introduced the concept of Kolmogorov Complexity [184], a general
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and powerful notion of complexity that, unfortunately, is not computable.
Later, approximations of the Kolmogorov Complexity were proposed, such as
the Minimum Description Length [I09], which has several practical applica-
tions although the connection with the Kolmogorov Complexity is not rigor-
ous. Following another path, i.e. taking inspiration from Popper’s ideas [214],
V. N. Vapnik and A. Chernovenkis developed a complete and computable the-
oretical framework for characterizing the learning process [68] and suggested
several measures of complexity, such as the Vapnik-Chervonenkis (VC) En-
tropy, the Growth Function and the VC-Dimension [62] [64) [I88], 265] 279].
Original VC-Theory mainly deals with binary classification problems and not
the general SL framework. Since then several extensions have been proposed
in the literature. For example, Kearns and Schapire [132] introduced a gen-
eralization of the VC-Dimension to real-valued functions, which is known as
the Fat-Shattering Dimension [29].

Unfortunately, the VC-Theory has a global approach, because it takes into
account all the rules in the sets of rules, and it is data-independent, because
it does not take into account the actual distribution of the data available for
learning. As a consequence of targeting this worst-case learning scenario, the
VC-Dimension leads to very pessimistic generalization bounds. In order to deal
with one of these issues, effective data-dependent complexity measures have
been developed, which allow to take into account the actual distribution of the
data and produce tighter estimates of the complexity of the class based on the
actual learning problem. As an example, data-dependent versions of the VC-
Theory have been developed in [46} [240]. In recent years researchers have also
succeeded in developing local data-dependent complexity measures [26] 27, 40,
70}, 140l 192, 198]. Local measures improve over global ones thanks to their
ability of taking into account only those rules of the rules class that will be
most likely chosen by the learning procedure, i.e. the models with small error.
In particular, a localized version of a complexity measure based on the VC-
Theory, called Local VC-Entropy, can be introduced [192]. The localization
of the VC-Entropy allows us to introduce the same improvements achieved
by Shell Bound into the VC-Theory as well, like, for example, the derivation
of refined generalization bounds with respect to their global counterparts.
Based on this new localized notion of complexity, it is also possible to derive
a generalization bound that does not take into account all the functions in

the set but only the ones with small error.
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In this section we will start by presenting first the original VC-Theory and
then we will present the novel Local VC-Theory.

In order to present the VC-theory let us define some preliminary quantities.
Let us consider only the case when ) = {£1} and that a {0, 1}-loss function
is exploited ¢(f(z),y) = [yf(z) < 0] (the Iverson bracket notation [121] is
exploited). Then we define

-7:|Dn:{{f17"'7fi7"'7fn} fef}, (5.18)

where f; = f(x;), and we recall the definition of VC-Entropy H,,(F), Annealed
VC-Entropy A, (F) and Growth Function G, (F), along with their empirical
versions H, (F), An(F) and G, (F), respectively [265]

H.(F) = Ep, In(|F|p,|), (5.19)
An(F) =In(Ep, |Flp,|), (5.20)
G, (F) = maxln(|]—'\D D, (5.21)
ﬁn(]:) n(‘]:|’D,L|)’ (5 22)
An(F) = Ha(F), (5.23)
)

where || is the cardinality of a set. In practice, I:In(]:)7 /&n(}") and é n(F
count the number of distinct functions on the available data. Moreover by ap-
plying Jensen’s inequality [126] H,,(F) < A, (F) and A, (F) < G, (F) because
the worst-case scenario is selected. Finally we can recall the definition of the
V. N. Vapnik and A. Chernovenkis dimension [265]

dvc(F) = max {n:G,(F)=1In(2")}. (5.25)

ne{0,1,2,---}

Basically the dy¢ is the maximum number of samples coming from p that a
space of function F is able to perfectly classify, no matter the configuration
of the labels [265].
The Annealed VC-Entropy is the milestone of the Vapnik’s results [269] since
it allows to bound the generalization error given the empirical one (and vice
versa). Given a space of functions F and a dataset D,, it is possible to state
that

Pp. {?‘;2 leL‘(f)(f)} > t} < dexp [(AQ"H(I) _ i) n]  (5.26)

Pp, {Sup L) - L) = t} < dexp [(A%;ff) - t2) n] . (5.27)

feF
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Unfortunately, this bound is not computable since Ag, (F) cannot be compute
because p is unknown, but thanks to a recent result appeared in literature
it is possible to derive its computable version. In particular it is possible to
prove that the Annealed VC-Entropy is concentrated around its expected
value [46], [192] with probability at least (1 — 0)

Ay (F) < 8A,(F) + 161n (;) = 8H,(F) + 161n (;) . (5.28)

By combining Eq. (5.28) with the bounds of Eqns. (5.26) and (5.27) it is

possible to derive the fully empirical VC-based bounds [192]. Given a space of
functions F and a dataset D,, it is possible to state with probability (1 — 24)
that

L(f) - E() \/ A (F) +21n (4)
/OB 6 i . VferF, (5.29)
‘L(f)ff(f)‘ <3\/H"(f);2hl(§), VfeF. (5.30)

Note that the bound of Eq. (5.29)) is fully empirical and can show fast rate
of convergence O (1/n) when L(f) — 0, while the bound of Eq. (5.30) always

shows slow convergence rate O \/% .

Even if the bounds of Eqns. (5.29)) and are the only ones that can be
used in practice, the most known VC-Bounds are the ones based on the dyc.
In order to present them we need to recall the Saurer’s Lemmas [228] [243].
Given the dyc(F) then

Gn(F) <In dvif) (?) (5.31)

If n < dyc(F), then G, (F) = In(2™). If n = dyc(F), then

en dve(F)
Gu(F) <ln [<W> ] . (5.32)

Moreover if dyc(F) > e, then
Ga(F) < In (n™eP)) = dyo(F)n(n). (5.33)

By combining Eq. (5.33)) (for simplicity) with the bounds of Eqns. (5.26) and
(5.27)) it is possible to state with probability (1 — ¢) that [265]
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L —LU) 2\/dVC(F) )+ (3) yrer (s
L(f) n ’ ’
L) - 1| < \/dVC(F)lnfj) @) s (5.35)

The bounds of Eqns. and are the most well known results of
the VC-Theory. We report them just for historical reasons even if not fully
empirical.

The problem of the fully empirical bounds of Eqns. and is that
they take into account all the functions inside JF. This is not reasonable since,
during the learning process, the functions in F with high empirical error will
be never selected by the learning algorithm, hence they should not be taken
into account when computing the complexity of F. In order to adress this
issue a Local VC-theory need to be exploited [192].

In order to present Local VC-theory we need some preliminary definitions and
results.

Let us define the localized version of the set of functions defined in Eq.

by introducing a constraint on the error, controlled by a parameter r:
—{th, g} feFLu(f) <1}, (5.36)
2{{f17“',fn}‘fef,L(f)gr}, (5.37)

‘ (Dn,r)

‘ (D7)

then, the empirical Local VC-Entropy, and its expected counterpart, can be
defined as:

LH,,(F,r) = In ('ﬁ‘

) , (5.38)

(Dn 7"')

7|
(Dn ,’r‘)

As we will show in the next section, it is possible to derive a fully empirical

LH,(F,r) =Ep, In (

) . (5.39)

generalization bound on the true error of a classifier, based on these complex-
ities.

The first result, needed to derive the Local VC-Theory, allows to bound the
generalization error of a function based on a property of the entire class.
This is a rather technical and complex result which allows to normalize the
distance between the true and empirical error of the functions. More formally
the result states that it is possible to upper-bound the generalization of an
f € F as follows [192]
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K - r
L(f)< min — 1 -z 4
(f) A T )+ feF (5.40)
st.  sup « sup L(f)—f/n(f)] < %, r>0.

€0l pel | jer, Lif=<z}

Then by exploiting the results of Eqns. (5.29) and (5.30) we can state with
probability at least (1 — ) that [192]

sup [L(f) - f/(f)] < 6\/Hn(}—) 2 (3) sup+/L(f). (5.41)

feF n feF

Moreover with probability at least (1 — ¢) we can state that [192)

i(f)<L(f)+3\/H"(]:)J;2ln(§), VfeF. (5.42)

By exploiting Eq. ([5.42]) it is possible to state that with probability at least (1—
0) the subset of the class of functions F characterized by small generalization

error is concentrated around the one with small empirical error [192]

{f ‘ fef,L(f)sr} (5.43)

i, ({f ‘ fe]-",L(f)Sr}) +21n (%)

n

c{f ‘ feF, L(f)<r+3

Finally by combining the results of Eqns. ([5.40)), (5.41]), and ([5.43)) it is possible
to obtain the fully empirical Local VC-Theory based bound [192]

K - r
L < i —L —, Vv 5.44
(f) R )+ VfeF (5.44)
T(r,a) +21In (2
s.t.  sup 6\/7"a[ () n(é)] < L, r>0
a€el0,1] n K
_ T(r,a) +21In (2
T(r,a) < LH, .7-",T+3\/ (r,a) n(5) ,
@ n

which holds with probability at least (1 — J). Note that the bound of Eq.
(5.44)), apart from being fully empirical, takes into account only the functions
with small empirical error contrarily to the bounds of Equs. (5.29) and (5.30).
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5.3 Rademacher Complexity Theory

Measuring the performance of a learned model is a key topic in the SLT frame-
work [265], as it allows to get more insights about the behavior of the model
and to propose effective learning procedures [30, [63, 140, 147, 161, 184, 265].
While originally coping with asymptotic analysis, performance measurement
is approached through recent advances in finite sample analysis, which al-
low to deal with both theoretical and practical issues and can be effectively
exploited in real-world applications [4] [8 98], 107, 209] 249].

The first data independent measures of complexity, i.e. the Growth Func-
tion and the VC-dimension, have been proposed [268], and subsequently re-
fined [208],239]; however, data dependent alternatives, such as the Rademacher
Complexity (G)RC [30] [139] [194], have proved to address the limitations of
data independent measures. As GRC is a global measure which contemplates
the whole hypothesis space, improvements based on locality principles, namely
Local Rademacher Complexity (L)RC bounds [26] 27, [140], have been pro-
posed.

The superiority of LRC over the GRC based bounds is supported by a more
deep connection with the learning process itself and their rate of convergence.
While RC bounds are characterized by slow convergence [21, 24}, 27, [61], 140,
166), [194] 265] O (\/1/7), LRC inequalities feature a fast rate [27] O (1/n).
Nevertheless, some conditions must hold in order to enable fast rates in LRC,
for example with kernel classes [70}, [136] the eigenvalues of the Gram matrix
must decrease exponentially (Theorem 5.2 [27]). Another example is when a
bounded loss function is adopted: in this case the hypothesis space must con-
tain a function with generalization error equal to zero (Lemma 6.6 [27]). These
conditions are seldom verified in practice (e.g., refer to the discussion follow-
ing Theorem 5.2[27]): for example, the first hypothesis does not hold when
Gaussian kernels are employed. Moreover, LRC bounds have also proved to
be loose [194], mostly because of the size of the constants which characterize
them [198]. Recently, because of the drawbacks of LRC bounds, some effort has
been spent in order to leverage some of the basic ideas, driving LRC, in GRC
bounds as well, targeted towards shrinking the hypothesis space and conse-
quently reduce the overall impact of the complexity term [10} 14} [197]. More-
over new tight GRC bounds are derived [I96], which exploit the paramount
results pursued in [48, [156], [171] 257] in the framework of concentration in-
equalities: they show that it is possible to achieve a fast convergence rate

O (1/n) in the optimistic case, i.e. when the class is characterized by a com-
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plexity tending to zero and it contains a perfect classifier, analogously to [206].
Fast rates are then shown, for the first time, in the case of GRC, even though,
in the general scenario, the slow rate O (\/%) is still valid [196].

Recent works in literature also showed that the Rademacher Complexity is an
effective statistical measure, which can be exploited to analyze the learning
performance of a model in learning frameworks other than the supervised
one. For example, RC has been exploited in the transductive [92] and semi-
supervised [130, 143}, 226 253], 28T] learning frameworks. In the latter setting,
in particular, previous works showed how the tightness of RC bounds can
remarkably benefit from the exploitation of unlabeled samples [14) [34] [128]
196, [198].

In this section we will start by presenting first the GRC-Theory and then we
will present the novel LRC-Theory.

In order to present the GRC-Theory let us define some preliminary quantities.
GRC end LRC theories, contrarily to the VC-Theory, deal with the general SL
framework where a [0, 1]-bounded loss is exploited. Let us recall the definition
of Uniform Deviation (UD) U, (F) and RC R, (F) [10, 30]:

0a(F) = sup [ L() = L()] (5.45)
feF
~ 2 2
Ro(F) =Ey,sup — > 0:l(f(xi),vi), 5.46
(%) sup Zl (f (i), ) (5.46)
where o1, ...,0, are independent uniform {+1}-valued random Rademacher

variables. Note that, when Rademacher variables are allowed to assume only

a subset of possible 2" configurations, i.e. Y.\ ; 0; = 0, another complexity

A~

measure is obtained, called the Maximal Discrepancy (MD) M,,(F) [10} B0]:

W, () = sup 2 S~ Y W | G4

Since LAJ"(]-"), ’R\’n(}" ), and I\A/In(]-") are random quantities, let us define their
deterministic counterparts: the Expected UD, the Expected RC, and the Ex-

pected Maximal Discrepancy

n(F), (5.48)
: (5.49)
M,,(F) = Ep, M, (F). (5.50)
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These quantities allow to obtain an effective upper bound of the unknown
L(f) |25 B0, 139, [265] in terms of empirical quantities only. In particular, it
is possible to study the difference between L(f) and f/( f) through the UD
U (F):

L(f) < L(f) + U, (F), VfeF. (5.51)

However, Un(f ) depends on p and is not computable as well. We can thus
upper bound the UD through RC (or, equivalently, MD):

A~

Pp, {U.(F) > Co(F) + 1} (5.52)

~

<Pp, {Un(]-') > Cp(F) + tl} +Pp, {Cn(f) >

(@)X

W(F) + t2} (5.53)
<Pp, {00(F) 2 Un(F) + 1} + Pp, {Cu(F) = Cu(F) + 12},
oty =t (5.54)
where we exploited the following inequality [30]:
U, (F) < Cp(F), (5.55)

and C can be either R or M. Since On(]-') satisfies the hypothesis of McDiarmid
inequality [30, [I81], it is possible to prove that, with probability (1 — §):

£5) < 201+ U+ 4 2 < By ey 0L,

VfeF, (5.56)

which unfortunately shows a slow convergence rate O (\/%) Moreover, it
cannot be computed in practice, as it requires the knowledge of u. By exploit-
ing the fact that C,,(F) satisfies the McDiarmid inequality [30, I81] too, it is
possible to provide a fully empirical bound that holds with probability (1—4):

L(f) < L(f) + Cu(F) + 3 1“;5) . VfeF (5.57)

The bound of Eq. (5.57) is characterized by the same slow convergence rate
0 (« / 1/n) , and the constants lead to a looser bound than the one of Eq. (5.56).
However, both R,, (F) and l\7|n(f) can be easily computed. If FAQn(]-') is used,
2" maximization problems must be solved: approximations through Monte

Carlo approaches, rapidly converging to effective solutions, can be exploited
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in practice [25] [30]. Instead, if an MD measure I\7In(]-' ) is used, a single mini-
mization problem must be solved, although this process is usually replicated
in order to avoid “unlucky” complexity estimations [I5]. The advantages and
disadvantages of using R, (F) or M,,(F) are investigated in [17]: RC measures
ﬁn (F) are preferred as they satisfy the self bounding property [46] 196], and
consequently we will focus on RC.

As shown in [26], [194] [196], it is also possible to improve the constants in Eq.
by removing the factor 3 in the best case scenarios (when Rn (F) —0).
Thanks to this result it is possible to obtain the explicit sharper version of
the bound of Eq. (5.57)), that holds with probability (1 — 4):

1 < ety o 5 o)

(3 , 2m(3)
St + 2, VfeF. (5.58)

Unfortunately, despite its tightness, the previous bound still shows a slow

convergence rate O 1/1/n> even in the best case scenario, namely when the

class of functions is small FAin(}' ) — 0 and contains a function characterized

~

by L(f) — 0.
In order to improve the constants in the bound of Eq. (5.58)), let us define the
following quantity:

¢(a) = (14 a)log(l +a) —a,a > —1, (5.59)

$(a)—1—exp[1+W1 (agl)] (;s[—oS(a)]:a, ael0,1], (5.60)
|-a.

a—1

$(a)=exp[1+wo( )]1 é|d)| =a, ae]0,+w), (561)

where W_; and W, are, respectively, two solutions of the Lambert W func-
tion [69]. It is now possible to show that the bound of Eq. (5.58)) can be
further improved by giving a closed form expression [194], i.e. by formulating

an implicit bound which requires a numerical procedure to be solved

2
L(f) < L(f) +r* + % VfeF,

~

- 2In (3
r* =arg max r st. r=R,(F)+ro ln(‘S)] ) (5.62)
rel0,1] nr

which holds with probability (1 — 4), but still shows a slow convergence rate.
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In order to derive and improved version of the bounds of Eqns. (5.58) and
(5.62) we need to define another quantity, together with its empirical coun-
terpart

V(]:) = SupE(m,y)E(f(x)ay)v (563)
feF
~ 1 &
n = sup — 0 f(xs), ys). .
Vi (F) fegn; (f (@), vi) (5.64)

From a statistical point of view, V(F) is an upper bound of the variance of
£(f(z),y) and is not computable: we can only derive its empirical estimate
\7n(.7:) From a cognitive point of view, V(F) measures the ability of our
hypothesis space H of “non-learning” p: in other words, V(F) evaluates the
worst case scenario which the procedure could have to cope with during the
learning process.

At this point, since Un(f ) satisfies the hypothesis of the Bousquet inequal-
ity [48] and FAin(]-' ) is a self bounding function [46},[196], it is possible to improve
the explicit bound of Eq. , by stating that with probability (1 — J) the
following bound holds [196]

L(f) < B(f) + Ru(F) + 5\/ ()R, + 2\/ (5)g, 7

+4 lnf) lnff) Ra(F) + 71”2(%) (5.65)
- o ~ 241In (2)
< L(f) + 3Ru(F) + Vo F) + — 22, (5.66)

The bound of Eq. contains only empirical quantities. By analyzing
the bound of Eq. , it is worth noting that the convergence rate can
vary between a slow O (\/%) and a fast O (1/n) value. As the complexity
terms differ from zero, the slow convergence prevails; on the contrary, the
fast rate is achievable when all the complexity terms tend to zero, as it can
be more easily noted in the formulation of Eq. . Thus, the previous
bound is characterized (though in a non-typical optimistic scenario) by fast
convergence: this is the first time for GRC measures, since they only showed
slow convergence so far [26, [30, 194]. A similar result can be derived when
the distribution of the data depends on n. Let us consider Y € {1} and
P{Y = +1|X} = l/n, and let also H include models that assign labels +1

to every sample: in this scenario, we have that \7n(]-') ~ 1/ and ﬁn(]—") — 0,
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thus we derive fast rates as well. One can also resort to approaches allowing to
reduce the complexity of the space: for example, by reserving part of the data
for building a data dependent hypothesis space, as described in [9] [12] [14],
or by adding some hypothesis, like the low noise condition [24] 248]. These
results show that the complexity of the class of function can be sharpened
without resorting to LRC measures.

Despite being appealing in terms of convergence rate, the constants included
in the bound of Eq. are not optimal: we have to give up the closed form
formulation in order to circumvent this issue.

Analogously to the bound of Eq. (5.62)), for the bound of Eq. the implicit
form with optimal constants of the bounds of Eq. , which holds with
probability (1 — 4), is the following one [196]

A~

L(f) < L(f) +s¥, VfelF, (5.67)
*__
Sq argsf.Igl[%f(l] S1
~ - In (2
st. s =7rF+ (27"1"—1—Vn(]:)+81> ® nA<5) .

n (27‘1" +V, (f)—i—sl)

rif=arg max 7
T1€[0,1]

2
st. 1= /Iin(f) + rlqAS <21n(5)) .

nri

The problem that still affects the fully empirical bounds of Eqns. , ,
, and is that they take into account all the functions inside F.
This is not reasonable since, during the learning process, the functions in F
with high empirical error will be never selected by the learning algorithm,
hence they should not be taken into account when computing the complexity
of F by applying the localization principle. In order to address this issue the
LRC-Theory need to be exploited [27, [T98].

In order to present Local LRC-Theory we need some preliminary definitions
and results.

First, we switch from the space of functions F to the space of loss functions.
Given a space of functions F with its associated loss function ¢(f(x),y), the

space of loss functions L is defined as

c={us@|fer}. (5.68)
Let us also consider the corresponding star-shaped space of functions [27, [198].

Given the space of loss functions £, its star-shaped version is
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Ls= {aﬁ‘ aelf0,1], te £}. (5.69)

Then, the generalization error and the empirical error can be rewritten in

terms of the space of loss functions
L(f) = L), L(f)=L(0). (5.70)

Moreover we can define, respectively, the expected square error and the em-

pirical square error:

L(£2) = Ez,y [e(f(x),y)]Q ) (571)
) = - Y10 () wi)l (572

Since we do not know in advance which f € F will be chosen during the
learning phase, in order to estimate L(¢) we have to study the behavior of the
difference between the generalization error and the empirical error. Given L,
the UD of the loss Un(ﬁ) and square loss Gi(ﬁ) are

Un (L) = sup [L(z) - i(z)] : (5.73)
el

U2(£) = sup [i(ﬁZ) - L(£2)] , (5.74)
lel

while their deterministic counterparts are:

. Un(L), (5.75)
p, U2(L). (5.76)

The UD is not computable, but we can upper bound its value through some
computable quantities. One possibility is to use the RC. The RC of the loss
and of the square loss are:

Rn(£) = Eo o sup Zoz JYi) (5.77)
'\2
R2(L) = E, SEEEHZQ )] (5.78)

Their deterministic counterparts are:

R. ([’) = ]EDn ,F\;n(ﬁ)y (5'79)
R2(L) = Ep, R2(L). (5.80)
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Finally, we will also make use of the notion of sub-root function [27, [I98]. A
function is a sub-root function if and only if: (I) ¢(r) is positive, (IT) ¥(r) is
non-decreasing, and (III) ¥(r)/\/r is non-increasing with r > 0. The properties
of the sub-root functions are reported in many works [27], [T98].

In this first part, we propose a proof of the LRC bound on the generalization
error of a model |27, [T40], which is simplified with respect to the original proof
in literature and allows us also to obtain optimal constants [198]. Later we
will report the state-of-the-art bound.

In order to improve the readability of this part, an outline of the main steps
of the the presentation is reported. As a first step, we will show that it is
possible to bound the generalization error of a function chosen in F, through
an assumption over the Expected UD of a normalized and slightly enlarged
version of F. As a second step, we will show how to relate the Expected UD
and the Expected RC through the use of a sub-root function. The fixed point
of this sub-root function is used to bound the generalization error of a function
chosen in F. As a third step, we will show that, instead of using any sub-root
function, we can directly use the Expected RC of a local space of functions,
where functions therein are the ones with low expected square error. As a
fourth step, we will substitute the non-computable expected quantities men-
tioned above with their empirical counterpart, which can be computed from
the data. Then, we finally derive the main result, which is a fully empirical
LRC bound on the generalization error of a function chosen in the original
hypothesis space F.

The following result is needed for normalizing the original hypothesis space:
this allows to bound the generalization error of a function chosen in F. Let

us consider the normalized loss space L,

L, = {L(e;)wg’ e .c}, (5.81)

and let us suppose that, VK > 1:

Un(L,) < % (5.82)

Then, Vf € F, the following inequality holds [19§]

L(f) < max { <KK_1E(f)) : (E(f) + I"()} < %E(f) + % (5.83)

The next step shows that the normalized hypothesis space defined in Eq.
(5.81)) is a subset of a new star-shaped space. Let
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g {aﬂ‘ ael0,1], e L, L(ah)?] < 7“}7 (5.84)

then [198]
L, < L5 (5.85)

If we consider a sub-root function that upper-bounds the Expected RC of
the hypothesis space defined in Eq. , we can exploit the bound of Eq.
for bounding the generalization error of a function chosen in the original
hypothesis space F. Let us consider a sub-root function v, (), with fixed point

r¥, and suppose that, Vr > r*
R (£7) < ¥n(r). (5.86)

Then, Vf € F and VK > 1 we have that [I98], with probability (1 — 9):

K - - In (1)
< - * \é/ . .

L(f) < max <K—1L(f))’ L(f)+ Kr] +2 o™ (5.87)

The previous result holds for any sub-root function which satisfies Eq. (5.86)).

The next lemma shows that the RC, defined in Eq. (5.86]), is indeed a sub-root

function, which means that the inequality of Eq. (5.86) is indeed an equality.
Let us consider R,, (££), namely the Expected RC computed on £2. Then

is a sub-root function [27], [198].
The next two results allow to substitute the non-computable expected quan-
tities, £ and R,, with their empirical counterparts, which can be computed

from the data. Let us suppose that
r=R, (L), (5.89)

and let us define

; 2 2 In (5)
Li=<al| ael0,1], Le L, L[(al)?] < | 3r+

" 2n

(5.90)

Then, V07 € L3, the following inequality holds [I98] with probability (1 — §):

L5 ="Co. (5.91)



48 5 Complexity-Based Methods

Moreover let us consider two sub-root functions and their fixed points:

Unlr) = R (£1), ) =173 (592
Bulr) =Ru (B2) 4] 2, o) =75 (59

The following inequalities hold [T98] with probability (1 — 26):
Un(r) < dalr), v <F (5.94)

Finally, we derive the main result of this part, namely a fully empirical LRC
bound on the generalization error of a function, chosen in the original hypoth-
esis space F. Let us consider a space of functions F and the fixed point 7* of

the following sub-root function:

dalr) = Ro (£2) + 2In(3). (5.95)

()

)
o . (5.96)

SO

N o 1
Li={allae|0,1], LeL, L(£2)<@ 3r +

Then, Vf € F and VK > 1 the following inequality holds [I98] with probability
(1—30):

K

L(f) < max <K_12(f)> L) + K7E 42

(5)

o (5.97)

The bound of Eq. is mainly based on the exploitation of McDiarmid’s
inequalities [I8T]. In order to improve the tightness of the bound of Eq. ,
more refined concentration inequalities [46H48], based on the milestone results
of Talagrand [I56], need to be exploited. This approach improves the technique
proposed by [27] and obtains optimal constants for the bounds [I98] by giving
up the closed form solution [198].

Then, we exploit the more refined concentration [46H48] inequalities in the
results of Eqns. and (5.94). By combining these different pieces, the
desired bound can be derived.

The first step is to obtain the counterpart of the bound of Eq. . Let us
consider a sub-root function ¥, (r) and its fixed point r*

n

and suppose that
Vr > rk:
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Rn (L£7) < ¢n(r). (5.98)

Let us define 7V as the largest solution, with respect to r, of the following

equation:
; sl In (5) _r
Then Vf € F and VK > 1 we have that [I98], with probability (1 — J):
K - =R U
L(f) < max { <K1L(f)> , (L(f) + ;) } . (5.100)

The next two results are the counterparts of Eqns. (5.91)) and (5.94). Let us
suppose that:

r >R, (L5). (5.101)

Let us define EA;ﬁ as:

~ ~ <« (In(3
L] = {aﬁ‘ ae0,1], Le L, L[(al)?] <3r+5r¢ ( r;é?) } . (5.102)
Then [198] V47 € £5 and with probability (1 — 4):

L3 L. (5.103)

Moreover let us consider two sub-root functions and their fixed points:

Un(r) =Ru (L3), () =13 (5.104)
1 -
%m=&@gﬂécﬁ§)7wmm=ﬁ (5.105)

Then, the following inequalities hold [I98] with probability (1 — 24§):
Un(r) <Unl(r), 75 <7E (5.106)

Finally, we can derive the fully empirical and tighter version of the bound
of Eq. (5.97) LRC state of the art bound [I98]. Let us consider a space of
functions F and the fixed point 7% of the following sub-root function:

Yn(r) = Ry (EAT) +7¢ <2ln (‘15)> , (5.107)

nr
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where

nbr

~ ~ < (In(%
L5 = {az ’ a€l0,1], L€ L, L{(al)?] < 3r + 5ro ( 2 (5)> } (5.108)
Let us define 7V as the largest solution of the following identity:

r?;’;—&-[2 r?;’;—l—r]qz{ ln(%) }—

[n (2 TTE 4+ 7")]

-
—. 1

= (5.109)
Then, Vf € F and YK > 1, the following inequality holds [198] with proba-
bility (1 — 30):

L(f) < max{<KK1E(f)> 7 (i(f) + ;U)} (5.110)

Note that both the bounds of Equs. (5.97) and (5.110)) are in implicit form.
However, the bound of Eq. requires to look for a fixed point and to
find the largest solution of an equation; the bound of Eq. , instead, only
requires to find a fixed point.
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Compression Bound

Compression bound is probably the simplest yet theoretically grounded ap-
proach to MS and EE. The Compression bound [06 147, [162] relies on a
simple idea: if an algorithm is able to compress the data provided to learn
a rule then the algorithm will generalize. This idea has a long history in the
literature from the seminal groundbreaking work about the Kolmogorov Com-
plexity [184] to the Minimum Description Length principle [109]. The fact that
compressing is related to learning is nowadays a well known and firm principle
which guides many researchers in the design of new learning schema.

The compression bound applies to deterministic algorithms and both deter-
ministic and probabilistic rules. Just the i.i.d. hypothesis over the sampled
data is necessary. Mainstream learning algorithms do not optimize data com-
pression metric, so the compression bound is seldom used. Nonetheless, there
do exist some reasonably competitive learning algorithms (e.g. Support Vec-
tor Machines [7T], [265]) for which the sample compression bound produces
significant results.

In order to present the compression bound more formally let us introduce
the notation. Let X and ) be, respectively, an input and an output space.
We consider a set of labeled independent and identically distributed (i.i.d.)
data Dy, : {z1, -, 25} of size n, where zje(1,... ny = (24, ¥:), sampled from an
unknown distribution g where x € X, ye Y and z € Z = X x ). A learning
algorithm &/ maps D,, into a rule R : &7 (D,,), which maps elements in X to
elements in Y. In particular, ./ allows designing R € R and defining the set
of rules R, that is generally unknown.

We suppose here that the choice of the final rule 9R does not depend on the

entire dataset D,, but just on a subset of it D), < D,. In other words we
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assume that the algorithm is able to intrinsically compress the data. Formally
we assume that R = &7/ (D,,) = &/ (D).

The accuracy of R in representing the hidden relationship p is measured with
reference to a [0, 1]-bounded loss function £ : R x Z — [0, 1]. Consequently,
the quantity of interest is defined as the generalization error, namely the error

that a model will perform on new data generated by p and previously unseen
L(R)=E.L(R,2). (6.1)

L (M) cannot be computed since p is unknown and, consequently, must be
estimated. The empirical error [10} 26, B0} [266], its empirical estimator, can

be computed

26D,

together with the empirical variance

A~

7(%,D,) = ﬁ PINDINUCEORVIC U DRNCE)
2'€D,, z"€D,,
Deriving the Compression bound is rather simple because we just need to
count all the possible choices that the algorithm & made in order to define
R = /(D) based on just D),. Then, since, by definition, some data D,\D),
have not been exploited by the algorithm during the training phase we can use
them as an hold out set. Therefore, analogously to the resampling method,
we can use the i.i.d. data in D,\D,, together with the union bound [45] (the
Bonferroni correction) over all the choices made by the algorithm in order to
bound the generalization error.
Hence let us count how many choices have been made by the algorithm. Since
the | = &/ (D,,) depends on D, < D,,
1. the algorithm has chosen the cardinality of D), namely n’ € {0,1,--- ,n};
2. the algorithm has chosen a subset of samples of cardinality n’ in D,,.
But how many choices have the algorithm had for selecting a subset a
cardinality n’ in D,,? The answer is rather simple and it is (:,)
Then we can state that the algorithm & made (n + 1)(,) choices.
At this point we have to recall that the samples in D,, are sampled i.i.d. from
. Then since R = &/ (D,,) = o7 (D.,,) we have that the errors that R makes on
D,\D,, are i.i.d. and then we can use the Hoeffding Inequality [II8] together
with the Bonferroni over the whole choices made by 7 in order to state that:
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Pp,\pr, {L(e/(Dn)) > L(e/(D), Di\D,y) +

<(n+1) (:/) e 2(n=n)i*, (6.4)
Pp, o, {|L((Da) = L(/(D), Da\D))| = ¢}
<2(n+1) (:/) e 2(n=n)t* (6.5)
or, alternatively, that with probability (1 — )
L(/(Dy))
n 1
< L(e/ (D). Di\Dy) + ¢ . gﬁj_li,(;')) * ¢ e (_‘2)1/)’ (60

[L(#(Da)) = L(/ (D), D\D)

In ((n +1)(2)) Wn(ﬁ)
<\/ 2(n —n') * 2(n—n')’ (67)

Note that from these bounds it is rather clear that they lead to meaningful

and useful results just when n’ is rather small, otherwise (:,) becomes soon
huge. This is the principal limitation of the compression bound: the need for
huge rates of compression.

Obviously it is possible to retrieve the Chernoff-type [65] version of the bound
of Eq. which is sharper when the empirical error is small and it can

exhibit a fast convergence rate O (1/n —n')
|L(/(Da)) = L(/ (Da), Da\D}y) (6.8)

3In(Fn+ 1)) | 3 (Gn+1)(5))

n—n' n—n'

)

< ¢ L(«/(Dy), D,\Dly)

where the bound holds with probability (1 — §).
It is also possible to derive a Bennet-type bound [35, [I75] which is sharper
when the variance of the empirical error is small and, as the Chernoff-type

bound, it can exhibit a fast convergence rate O (Y/n —n’)

|L( (D)) = L (Dn), Da\D) (6.9)
< ¢ Va0, Dapy DG | TGO DR g )

where the bound holds with probability (1 — §).
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The state-of-art option is to use the Clopper-Pearson bound [67] extended [59,
193] in order to be applied to the case of [0,1]-bounded losses. Let u be a
random variable uniformly distributed over [0,1] and let {u1,--- ,u,} be n

variables sampled i.i.d. from u. Then we can state that

L(/ (Dn)) (6.11)

ol s (n=n)LH (D), D\D),
204D (10)" (n—n')—(n—n')L*( (Dy), D \D, ) +1 |
"L (A (Do), DD, )1

with probability (1 — §) and where Q[p; v, w] is the p-th quantile of the Beta
distribution with shape parameters v and w and L¥(</ (Dr), D\D},)) =
1 ZzeDn\D;/ [((/ (D)) = w;] (each wu; is associated with a different
z € Dp\D.,, and the the Iverson bracket notation [12I] is exploited).

Finally note that all the compression bounds are fully empirical bounds and

(n—
2 (nen

can be used both for MS and EE purposes by exploiting the approach de-
scribed in the preliminaries of this book [I47]. In fact all the Compression-

based bounds have the following form:

Pp,\p, {L(#(Dy)) < A(Dn,Dp\D,,, o ,0',6)} =1 6. (6.12)

n’s

Then if we want to choose @* € {&4, -, %, }, namely perform the MS
phase, and estimate the generalization performance of &/*(D,,), namely per-
form the EE phase, we have to follow the procedure summarized in Algorithm
Note that the generalization of the final model is bounded by

A e, ), (6.13)

with probability (1 — §), since we have applied the Bonferroni correction [45]
over the ng choices for the algorithm. Note that D/, and n’ depend on the
particular <.
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Algorithm 3: Compression bound: MS and EE Strategy.

Input: {A, -, %}, Dn, and §
Output: Optimal Model &/ *(D,,) and its estimated generalization error
L(* (D)
Lig = +o0;
for o € {1, -, p,,} do
Compute D, and n' based on & (D,,);
Lvs = A(Dn, Dp\D.,y, 0, 6);
if L¥s > Lus then
Lﬁis = Lus;
o *(Dn) = o/ (Dn);
L(*(Dy)) = A (Dn,pn\pg,,mn' L)

dmg )7

- Y- O T R

o]
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Algorithmic Stability Theory

The notion of Stability [49, [I86 212] allows to answer a fundamental ques-
tion in learning theory: which are the properties that a learning algorithm .o
should fulfill in order to achieve good generalization performance? Stability
answers this question in a very intuitive way: if o/ selects similar models,
even if the training data are (slightly) modified, then we can be confident
that the learning algorithm is stable. In other words, if Stability shows that
o/ does not excessively fit the noise that afflicts the available data, there-
fore o7 is able to achieve good generalization. Note that, using this approach,
there is no need to aprioristically fix a set of models to be explored by the
learning algorithm, which represents a novelty with respect to the complexity-
based approaches [265]. The groundbreaking idea of Stability, in fact, allowed
to overcome some computational and theoretical issues of the complexity-
based approaches, where it is necessary to fix a class of functions F in a
data-independent way, and to measure its complexity for obtaining valid gen-
eralization boundsﬂ [10, 26, [30, 240, 266].

However, several successful learning algorithms, like, for example, the k-
Nearest Neighbors (k-NN) [135], are developed from (eventually heuristic)
training procedures or strategies, without explicitly defining a fixed hypothe-
sis space. The k-NN idea is to group similar objects into the same class, but
the hypothesis is only defined as soon as the data become available: no set
of functions, from which we pick up the best one fitting the available data, is
defined [I35].

! This is true not only in a frequentist setting, but in the Bayesian learning frame-
work as well, where a prior distribution of models must be specified before seeing
the data [117, [I78] [207].
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When the hypothesis space cannot be defined in advance, the complexity-bases
approaches fails and it becomes mandatory to resort to resampling techniques.
Some attempts have also been made for extending the complexity-based ap-
proaches to data-dependent hypothesis spaces, but no practical and general
results have been obtained so far [52} 240, 277].

Stability works in the same hypothesis under which the resampling methods
work, apart from the fact that it handles just deterministic algorithms and
rules. Recently extensions to probabilistic rules and algorithms have been pro-
posed [93] but results are quite preliminary and overcomplicated with respect
to the scope of this book and to other tools which better handle these kinds
of algorithms and rules like Differential Privacy. Stability, as we will see later,
unfortunately still brings to loose bounds or almost data and algorithm in-
dependent bounds and these limitations do not allow its adoption in more
contexts.

At this point we can start to describe the Stability framework in a more
formal way. Let X and ) be, respectively, an input and an output space.
We consider a set of labeled independent and identically distributed (i.i.d.)
data Dy, : {z1,--- , 2} of size n, where zje(1,... ny = (%4, ¥:), sampled from an
unknown distribution p where x € X, y € Y and z € Z = X x ). A learning
algorithm .o/, characterized by a configuration of its hyperparameters h that
must be tuned, it maps D,, into a function f : @,(D,,), which maps elements
in X to elements in Y. In particular, 7, allows designing f € F} and defining
the hypothesis space Fp, that is generally unknown (and depends on h). We
assume that o7, satisfies some minor properties detailed in [49]: namely, we
consider only deterministic algorithms which produce deterministic rules and
that are symmetric with respect to D,, (then they do not depend on the order
of the elements in the training set); moreover, all the functions are measurable
and all the sets are countable. We also define two modified training sets:

DY {z1,"*+,%i_1,%i+1," "+ ,2n}, Where the i-th element is removed D! :
{z1,,2i—1, 2, zi41, -, 2n} and D!, where the i-th element is replaced and

where 2] is an i.i.d. pattern, sampled from p. The accuracy of «7,(D,,) in
representing the hidden relationship p is measured with reference to a [0, 1]-
bounded loss function ¢ : Fj, x Z — [0,1]. Consequently, the quantity of
interest is defined as the generalization error, namely the error that a model

will perform on new data generated by u and previously unseen

L((Dn)) = E.l (4,(Dy), 2). (7.1)
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L (e,(D,,)) is a random variable that depends on D, that unfortunately
cannot be computed since p is unknown and, consequently, must be estimated.

Two of its most exploited estimators are the empirical error [10} 26, 30} 266]

Fenp (D), Da) = = 3 €((Dy),2), (7.2

2€D,,

and the Leave-One-Out (LOO) error [100} 157]

S 1
Lioo (dh(pn)a Dn) = - Z 14 (dh(pn\z)v Z) . (73)
n 2€D,,
With the complexity-based approaches, an upper bound of L (2, (D,,)) is de-
rived by studying the supremum of the uniform deviation of the generalization
error from the empirical error of Eq. (7.2)) or, alternatively, from the LOO error

of Eq. (7.3)

sup |L ((Du) - Lewmp (9,(Dy), D), (7.4)
sup L (,(Dy)) = Lioo (,(Dy), Dy)| - (7.5)

When the complexity-based approaches are adopted, it is hypothesized that
the class of functions Fj, is defined in a data-independent fashion and, then,
is known. When dealing with Stability, we suppose that F, is not aprioristi-
cally designed, thus studying the uniform deviation is not possible since F}, is
unknown. The deviation D (&, (D), Dy) of the generalization error from the
empirical or the LOO errors is analyzed, instead

ﬁemp (%h(pn)vpn) = ‘L (szh(Dn)) - Eemp (dh(Dn)aDn) ) (7-6)

Dioo (#,(Dy), Dp) = ’L (0 (Dy)) = Ligo (0 (Dy), Dn)| - (7.7)

Note that the deterministic counterpart of the above mentioned sets can be
defined as

ngp (,Qf;“ TL) = EDn ﬁgmp (ﬂh (Dn)v Dn) ’ (78)
Dio (h,n) = Ep, Difo (/4(Dn), Dn) - (7.9)

In order to study D (,(Dy), Dy,), we can adopt different approaches. The
first one consists in using the hypothesis Stability H (<#,,n)

Hemp (dh; n) = ]EDn,sz

¢ (Mh(pn)v Zz) — 4 (ﬂh(DiL)v Zz)| < ﬂemp; (710)

Hloo (v‘th; ’I’L) = EDn,z 4 (vQ{h(,Dn)v Z) —/ ('/Q{h(px% Z)‘ < ﬁloo- (7'11)
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Lemma 3 in [49] proves that:
D2 (nym) < % + 3Hemp (#h,n) (7.12)
Dt (@h,m) < % + 3Hyoo (@, 1) - (7.13)

By exploiting the Chebyshev inequality [64], Eqns. (7.6}, (7.10]) and (7.12) (or,
analogously, Eqns. (7.7), (7.11) and (7.13])) we obtain that, with probability
(1-9):

7 1 3Bemp

L ((Dr)) < Lemp (9,(Dr), D) + 55T 5 (7.14)
7 1 3Bloo

L (#(Dn)) < Lioo (#h(Dn), Dn) + 4/ 5= + =5 (7.15)

which are the polynomial bounds previously derived in [49] and based on
hypothesis stabiltyP]

Another approach, targeted towards deriving a Stability bound on the gener-
alization error, consists in exploiting the uniform Stability U(<#,):

U' (@h,n) = |l (h(Dn),") — £ (a(D}), )], < B, (7.16)
U\ (hom) = [¢ (h (D)) — ¢ (dh(DX),~)LO <pi. (117
Note that:
Hewmp (3, n) < U (Hyy,m), (7.18)
Higo (34,n) < UV (e, m) . (7.19)

By exploiting the McDiarmid’s Inequality [I81] it is possible to derive the
following exponential bounds [49], that hold with probability (1 — 0):

L ((Dn)) <Lomp (,(Dn), Dy) + 28" + (408 + 1) % (7.20)

L (,(Dy)) <Lioo (wh(pn),pn)+ﬂ\i+(4n5\1‘+1) % (7.21)

Although the bounds are exponential, Stability must decrease with n in or-

der to obtain a non-trivial result. Unfortunately, this is seldom the case: for

2 For the sake of precision, note that the bounds slightly differ from the results
proposed in [49]: as a matter of fact, as also underlined in [I86], the original work

on Stability [49] contains one error, which motivates the exploitation of the two

notions of hypothesis Stability of Eqns. (7.12) and (7.13]).
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example, when a hard {0,1}-loss function is exploited in binary classifica-
tion to count the number of misclassifications, it is possible to prove that
Bt = B\ =1 for many well-known and widely used algorithms [75] [76] (such
as k-Local Rules [224] or Support Vector Machines [71]). Moreover, in those
cases where non-trivial results can be derived (e.g., in bounded Support Vector
Regression [81]), strong conditions on g must hold, which are rarely satisfied
in practice. Finally, also note that the previous results are all algorithmic-
dependent, but they are not data-dependent: as remarked in the introduction,
this represents a drawback in practical applications.

In order to cope with these blind spots of Stability it is necessary to derive a
fully empirical and data-dependent result.

Let us consider the LOO error: we will devote a paragraph later to the mo-
tivations of this choice. We have to start by making an assumption on the
learning algorithm 7. In particular, we suppose that the hypothesis Stability
does not increase with the cardinality of the training set:

Dloo (JZ{ha n) < Dloo <J2{ha \éﬁ) . (722)

We point out that Property is a desirable requirement for any learning
algorithm: in fact, the impact on the learning procedure of removing sam-
ples from D,, should decrease, on average, as n grows. Alternatively, we can
hypothesize that:

Hioa (1) < o (<, 5 ) (7.23)
Note that:
Hyoo (34, m) < Hioo (ﬂfﬂ, Vj)
—  Dioo (9F3,n) < Dioo <J27H, \/25) . (7.24)

Note also that Property (7.22) (or, alternatively, Property (7.23])) has already
been studied by many researchers in the past. In particular, these properties

are related to the concept of consistency [75], [251]. However, connections can
also be identified with the trend of the learning curves of an algorithm [78] [187]
204, [205]. Moreover, such quantities are strictly linked to the concept of Smart
Rule [75]. The purpose of these works is to prove that an algorithm performs
better as the cardinality of the learning set increases: then, the more data

we have, the more concentrated the empirical or the LOO errors should be
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around the generalization error. It is worth underlining that, in many of the
above-referenced works, Property (or, alternatively, Property )
is proved to be satisfied by many well known algorithms (Support Vector
Machines, Kernelized Regularized Least Squares, k-Local Rules with & > 1,
etc.)

In the following, we start by considering and using the assumption of Eq.
. In this case, we exploit the Chebyshev inequality [54] and derive that,
with probability (1 — §):

DIQOO (%h ) n) <

Dioo( (D), D) < . (7.25)
By exploiting Eq. (7.13]), we have that:
D 1 D
D1200 <£7ha 7 < % + 3H100 dh, 7 . (726)

We focus now on Hjg, («!th, @) For this purpose, let us introduce the fol-

lowing empirical quantity:

ﬁloo (%h (D‘f) 7DTn (721
g T¥¥ L o
B RSt 2o 4]

3k . A/n

DTn . {Z(k—l)\/ﬁ+17"' ’Z(k—l)\/ﬁﬁ-@}’ ke {17 32}a (728)
A/n

)y Bag K E {1 T (- (7.29)

Note that the quantity of Eq. (7.27) is the empirical unbiased estimator of
Hioo (%h, @) and then:

Hioo (.sth, f) - EDQEOO (m (Dﬁ) ,Dﬁ). (7.30)

2 2

<%

It is worth noting that, when dealing with ﬁloo (,;z{h (Dﬂ> ,DJ>, all the
samples z; are i.i.d. and sampled from p. Thus

(o (0) ) - o (w ((9%) ) )

e[0,1], Vi,j,k  (7.31)
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will be i.i.d., and we can bound in probability the difference between the

Hioo (;th, @) and the FAIlOO <J27h (Dﬁ) ,Dg) by exploiting, for example,
2 2

the Hoeffding inequality [T18]:

P [Hloo (,efh, ‘f) — s (gfh (D@) ,D@) > t] <e VRt (7.32)

Then, with probability (1 — 9):

N ~ In ($)
Hioo (ﬂh, 5 ) < Hioo (ﬂh (Dé) ,D@) + Jn (7.33)
Combining Eqns. (7.25)), (7.26) and (7.33) we get that, with probability (1—9):
L (#,(Dy)) <Lioo (#(Dy), Dy) (7.34)
2| 1 - In (%)
5 |3 [ Hee (9 (D) Do) 44 =2

When exploiting Property ([7.23)), the proof is analogous. We can make use of
Eqns. (7.13) and the Chebyshev inequality [54], and state that, with proba-
bility (1 — 0):

~ 111 Vn
Dioo(Hp, 3y:Dn) < x| = | = + 3Hioo (e, X2 | .
loo((D,,,2), Dn) \/5 [2n+3 | < Y )] (7.35)

Then, with probability (1 — §):

L (,(Dy)) <Lioo (#,(Dn), Dr) (7.36)

1 ~ In (2
— 13| A, (ﬂh (D n),p ﬁn) + n (3)
271 2

£

N 2
)
Let us roll back to the choice of using the LOO error in place of the empirical
error for the previous proofs. One can imagine that the empirical estimator

can be exploited as well, e.g., by defining two properties analogous to the ones

of Equs. (7.22) and (7.23):

Demp (Mha ’/l) < Demp <42{ha \éﬁ) 5 (737)

Hcmp (%hvn) < Hcmp <9Q{ha \/25) . (738)
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Consequently, we can study the empirical estimator of Hemp (JZ{}“ @) For

this purpose we have to introduce the following empirical quantity:

o (4. (05) 75)

2

(o (02) 1) o ( (%)) )

, (7.39)

Dkl : {Z(kfl)\/ﬁJrl,"' ’Z(kfl)\/ﬁ+@}’ ke {1, s }, (740)

ok vn
o i Kk 1., —= 7.41
Z R(k—1)+/n+i> € { ) "9 } y ( )

Sk Ik
(D@) ' {Z“—”ﬁ“"” LR ’Z(k—n\/m%}’
ke{l,-~- \éﬁ} (7.42)

Sy

5 2y e ke{l,---, 5 (7.43)

Unfortunately, although all the patterns z; are i.i.d. and sampled from p, the
terms in the summations of Eq. ((7.39)

(o) ) oo (1)) )
are not i.i.d. Thus, a bound, analogous to the one for the LOO error, cannot
be derived.

Note that it does not make much sense to exploit sharper bounds in Eq.
since the sharpness of the fully empirical bounds of Eqns. and
mainly depends on the result of Eq. for which faster bounds do not
exist. Recently [I74] some attempts have been made to obtain a Bernstein-

e[0,1], Vi k (7.44)

type bound [38] but the results do not take into account the empirical variance
of the error, but the empirical variance of the data distribution which is seldom
small.

Finally note that the fully empirical bounds of Eqns. and can
be used both for MS and EE purposes by exploiting the approach described
in the preliminaries of this book [195] [199]. In fact all the Compression-based
bounds have the following form:

Pp, {L((Dy)) < A(Dn, o, 6)} > 1 — 6. (7.45)
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Algorithm 4: Algorithmic Stability: MS and EE Strategy.
Input: Ay, D, and §
Output: Optimal Model #*(D,,) and its estimated generalization error
L(2(Dn))
1 Lig = +oo;
2 for &), € Ay do
3 | Lus = A(Dy, %, 0);

4 if LT/IS > Lus then

5 LIT/IS = LMs;

6 A (D) = th(Dn);

7 L((Dn)) = A (Day h, o)

Then if we want to choose @, € Ay = {o, : &/ € A,h € H}, namely per-
form the MS phase, and estimate the generalization performance of «,*(D,,),
namely perform the EE phase, we have to follow the procedure summarized
in Algorithm |4} Note that the generalization of the final model is bounded by

0
Pp, {L(Mh*(Dn)) <A (Dn,,dhf“, |A|)} >1-6, Voe Ay (7.46)
H
with probability (1 — §), since we have applied the Bonferroni correction [45]

over the | A/ choices for the algorithm and hyperparameters configurations.
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PAC-Bayes Theory

It is well known that combining the output of several rules results in much
better performance than using any one of them alone. In fact many state-of-
the-art algorithms search for a weighted combination of simpler rules [104]:
Bagging [50] [51], Boosting [229] 230] and Bayesian approaches [102] or even
Kernel methods [265] and Neural Networks [39]. The major open prob-

lem in this scenario is how to weight the different rules in order to ob-

tain good performance [37, 55] 159, 160, 190] 207], how these performances
can be assessed [59], [79 103, 104, [146] 150, 152, 153l 159, 160, 163l 176,
[I78, 179, 242, 260, 264], and how this theoretical framework can be ex-
ploited for deriving new learning approaches or for applying it in other con-
texts [22] 23, [32], [T05], 1778, 185, 217, 227, [231H236] [241]. The Probably Approx-
imately Correct Bayes (PAC-Bayes) approach is one of the sharpest analysis
frameworks in this context, since it can provide tight bounds on the risk of the
Gibbs Classifier (GC), also called Randomised (or probabilistic) Classifier, and
the Bayes Classifier (BC), also called Weighted Majority Vote Classifier [104].
The GC chooses a classifier in the set of classifiers according to the posterior
distribution each time a new sample has to be classified [I60] while the BC
takes the decision based on the expected value of the GC over the posterior
distribution [104]. In particular, in the PAC-Bayes framework a prior distri-
bution over the different classifiers must be defined before seeing the data,
then, based on the available data, a posterior distribution can be chosen, and
the risk of the associate GC and BC is computed, based on the empirical risk
and the divergence between the prior and posterior distributions [176].

Note that GC and BC are classifiers and not rules since the PAC-Bayes Theory
deals mainly with classifiers, in particular binary classifiers, and most of the
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results are not yet extended to the general SL framework. For this reason,
with the PAC-Bayes Theory, we will only deal with the binary classification
framework.

In the conventional PAC-Bayes framework, a posterior distribution that mini-
mizes the divergence between prior and posterior distributions must be chosen,
since this divergence forms part of the bound. This choice is critical: in some
cases this choice results to be too generic and not suited for the particular
problem [160], other times some data are kept apart from the learning pro-
cess and exploited to derive a generally good prior [I47, 207]. Consequently in
the first case the divergence term in the PAC-Bayes analysis can typically be
large, while in the second case the bound tends to be loose since some data
are wasted in order to design the prior. In order to address this issue in [55]
a localized PAC-Bayes analysis is proposed, which uses a Boltzmann prior
distribution defined in terms of the distribution that has generated the data.
Note that, since the prior depends on the distribution, the PAC-Bayes analy-
sis is still valid because the prior is defined before observing the data [55]. By
tuning the prior to the distribution, Catoni was able to remove the divergence
term from the bound, hence significantly reducing the complexity penalty.
More recently this approach has been extended in [160} 193] by deriving some
new sharper bounds and by combining these results with the recent develop-
ment in the analysis of the GC reported in [104]. Note that other approaches
for removing the divergence exist. One approach is to design a prior and a
posterior such that they are aligned [104) [I05] 227]. The second one is to de-
sign a so called expectation-prior which does not require any separate set of
data to build a prior which will be probably close to the posterior [207]. Every
approach has its own strengths and weaknesses but the approach of Catoni
seems to be the most promising one [55] [160] even if using Boltzmann distri-
butions in some contexts can be seen as a limitation [I60]. In fact, keeping
the divergence term allowed many researchers to design new MS methods and
learning algorithms [3] [T03], 24T].

As it should be clear by the general description reported above, the PAC-
Bayes Theory deals with deterministic algorithms which choose a distribution
over a set of known deterministic rules. Moreover data must be sampled i.i.d.
Finally, even if the PAC-Bayes Theory is one of the sharpest analysis for prob-
abilistic rules, a lot of research is still ongoing for the definition of appropriate
prior and posterior distributions and for sharpening the already quite effective

generalization bounds.
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In order to present the state-of-the-art, we first recall some common defi-
nitions [49] [T04, 265]. Let us consider a set of labeled samples defined as
Dy = {(z1,91), + , (Tn,yn)} = {21, -, 2n} drawn i.i.d. according to an un-
known probability distribution u over the cartesian product between the input
space X and the output space Y = {—1,+1}, defined as Z = X x ). Let us
consider a function f in a set of possible ones F, where f : X — ) = [~1, +1].
The error of f in approximating u is measured with reference to some [0, 1]-
bounded loss function ¢ : F x Z — [0,1]. Then the risk of f can be defined

Lz(f) =E, {e(fa Z)}7 (81)
together with its variance
VA(f) = B{(U(f, 2) — B2L(f, 2))%}. (8.2)

Since  is unknown L*(f) and V¢(f) cannot be computed, but we can compute
its empirical estimators, the empirical error

B = 5 3 ) (33)
=1
and the empirical variance
P = 3 (a2 - B (3.4)

i=
Since in this part we will deal with binary classification problems, we will often
make use of the Hard loss function £ (f, 2) = [yf(z) < 0], but also the Linear
loss function £g(f, z) = 1/2(1 —yf(z)) will be exploited. Note that, if fp € Fp
is a binary classifier fp : X — {£1}, we have that £s(fp,2) = {u(fB, 2).

The GC draws an f € F, according to a probability distribution Q over F,
each time a label for an input x € & is required. For the GC, that we will call

Gq, we can define its risk together with its empirical counterpart [160]

L*(Gq) = Es~a{L(f)},  L*(Ga) = Epof L (f))- (8.5)

Analogously it is possible to define the average expected variance and the

average empirical variance
VHGQ) = EpqVi(f), VUGQ) = EsqV (/). (8.6)

The BC [104], instead, can be defined as
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Bq(z) = sign [Ef~q {/f(x)}]. (8.7)

Consequently, it is possible to define the generalization error of the BC [104]
160] as

L(Bq) = E. {((Bq, 2)} . (8.8)

Let us define the Expected Disagreement (ED) [104] of f € F with respect to

Q, together with its empirical counterpart computed over s samples:

do =12 = 2B { [y {F(2)}1°} (3.9)
Ay = 12— 125 Z [Efeq {f(z:)}]°. (8.10)

The Expected Joint Error (EJE) [I04] of f € F with respect to Q, together

with its empirical counterpart, is:

eq = Ez fi~q.a~a {E(f1, 2)0(f2, 2)} (8.11)
gé =Ef~qf.~Q {1/” 2 [(f1, 2:)E( f2, Zz)]} . (8.12)
i=1

Note that in [I04] it is proved that dq < 2(,/eq —eq). We denote with
KL[Q||P] the Kullback-Leibler Divergence (KLD) [262] between P and Q,
while k1[q||p] and k1[ £} ||} ] are, respectively, the KLD for the Binomial and
Trinomial distributions [T03]:

cafals] = atn | 2] + -l | 1. (5.13)

1o —
1 [P =qi In [ql] + g2 1n [qQ] +[1—q1 —g2]n [H] )
a2 b1 p2

P2 L—p1—p2
Thanks to the Pinsker’s Inequality [262], we can state that |¢ — p| <
4/1/2k1(q||p). Finally, let us recall the definition of the last fundamental quan-
tity in the PAC-Bayes framework [103] [172]:

&n = znl (Z) (:)k (1 - an e [v/n, 2v/n], (8.14)

k=0

which will appear in many of the subsequent results.
A lot of work has been done in order to bound the risk of the BC and GC.
The first one bounds the risk of the GC in terms of its empirical estimate.
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For any probability distribution P over F, chosen before seeing D,,, VQ we
havd!] [231) [241]

KL + In [%]

< 4. 1
: (8.15)

P4 k1| L(Ga)llL(Ga)| =

Consequently, with probability at least (1 — §), we have that:
LY(Gq)e [inf Z{(6, P, Q, n),sup Z§(5, P, Q, n) ] , (8.16)
where

6’”/

T4(6,P,Q n)= 4 7+ ref0, 1], 161 [ E(Ga)Ir| < (8.17)

n

Recently new versions of the PAC-Bayes bounds of Eq. based on the
Rényi Divergence [33] have been proposed. These bounds, even if tighter in
some cases, do not improve the convergence rate but only the constants in-
volved in the bound and they are quite complicate and out of the scope of
this book.

The second result bounds the risk of the BC and it is commonly known as
the C-bound. Unfortunately, this bound involves only quantities that cannot
be computed from the data.

Given the risk of the GC, the ED and EJE of Q over F, we have that [T04], T46]

[1—2L4(Gq)]? [1 - (2¢q + dq)]?

LYBq) <1— =1-— ) 8.18
(Ba) 1— 2dq 1 — 2dq (8.18)

This bound holds only for £ = £g. Moreover, L*(Bq) < 2L*(Gq) which holds
for both £ = ¢g and ¢ = /.

By exploiting the bounds of Eqns. and it is possible to obtain
the third milestone result, which is an empirical bound over the risk of the
BC.

For any probability distribution P over F, chosen before seeing D,,, with
probability at least (1 — §) and VQ, we have that:

L*(Bg) < 2min [Vz,supl'g(d, P,Q,n)]. (8.19)

This bound holds for both ¢ = fg and ¢ = /.

! In the following we will sometimes indicate KL = KL[Q||P] for brevity.
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The next result bounds the ED in terms of its empirical counterparts and its
proof is very similar to the one of the bound of Eq. .

For any probability distribution P over F, chosen before seeing D,,, with
probability at least (1 — §) and VQ, we have that [104]

dq € [infZ1(6,P,Q,n),supZ; (6, P,Q, n)], (8.20)
where
2KL + In [%ﬂ]

(8.21)

1 An
Z1(8,P,Q,n)=<r:re [0, 2] 7kl[ Q||7“] < -

Based on the bounds of Eqns. (8.15)), (8.18)), and (8.20)), it is possible to prove
the fourth milestone result, which bounds the risk of the BC.

For any probability distribution P over F, chosen before seeing D,,, with
probability at least (1 — 26) and VQ, we have that [L04]

(1 — 2min [12,supZ{(6, P, Q, n)])2

¢ < _
L*(Bq) <1 1—2infZ;(5,P,Q, n)

(8.22)

This bound holds only for ¢ = £g.

Finally, the fifth milestone result, which is also the most recent one in PAC
analysis, can be reported.

For any probability distribution P over F, chosen before seeing D,,, with
probability at least (1 —§) and VQ, we have that [104] 278]

(1 — min[1, (2¢ + d)])*

LY(Bq) < sup 1-— , (8.23)
(e,d)eTL(5,P,Q,n) 1—-2d
where
75(6,P,Q,n) (8.24)
T lld] | 2KL+ | 5
=<{(e,d):e,de[0,1], d<2(ve—e) k1| 2| |< ————
eQS e n

This bound holds only for £ = {g.
Note that all the previous bounds do not take into account the variance of
the error. Recently [260], a new bound has been derived, which takes the vari-

ance into account, and in many natural situations their PAC-Bayes-Empirical-
Bernstein inequality can be much tighter than the bound of Eq. (8.15).
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For any probability distribution P over F, chosen before seeing D,,, with
probability at least (1 — 24), VQ, and for any ¢1,ce > 1, we have that [260]

LH(GQ) < TH(Ga) + (1 + cl)\/(6 — 2vs [KL+ In [F2]] (8.25)

n

when /[KL[Q[|P] + In[2v4 /8]]/[(e — 2)v3] < 4/n, otherwise

~ KL + In [ 24
LY(Gq) < LY(Gq) + 2#, (8.26)

_ 1 0 (e—2)n
V1= Ln(cl)l ( e ﬂ : (8:27)

1 1 n—1 1
ln(02)ln<2 W+1+2ﬂ, (8.28)
Pi(Ga) [+ i [] , 201+ 1n[ ]
2(n—1) n—1 '

Vo=

vs=V4(Gq) + (1 + CQ)\/ (8.29)
Note that all the bounds involve the KLLD between P and Q and for this reason
the choice of P and Q in the PAC-Bayes Theory can be critical. From one side
Q should fit our observations, but from another side Q should be close to P, in
order to minimize the KLD term. The milestone result of [55], later extended
by [160], proposes to use a Boltzmann prior distribution P which depends
on the data generating distribution p. In particular, let us suppose that the

density function associated to the prior P is:
p(f) = cpe_WLz(f), (8.30)

where v € [0,00) and Ve, = { - e_"fLe(f)df is a normalization term. Moreover,

let us suppose that the density function associated to the posterior Q is:
a(f) = cueE, (8:31)

where 1/, = S}. e‘”ﬁg(f)df is a normalization term. Hence, we give more
importance to functions with small risk.

Note that, in order to sample f € F according to this particular Q, there
are two main cases. In the first case the cardinality of F is finite and reason-
ably small to compute exactly p(f). In the second case F contains too many

functions (or even an infinite number), and consequently we have to resort
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to a subsampling of F via Monte Carlo search in order to make the problem
treatable and then compute p(f). Note that this last approach may produce
numerical problems when ~ is large.

Based on the previous definitions the following result has been derived.
Given P defined in Eq. and Q defined in Eq. , with probability at
least (1 — ¢), we have that [160]

KL[Q[|P] < KLi(v,6,n) = ;71 +7 (8.32)
Consequently, with probability at least (1 — 2d), we have that [160]
~ KLi(y,6,n) +1n [%]
k1| L(Ga)IL (Ga)| < - . (8.33)

The loss £ that we use for P and Q can be different from the one that we use
for L*(Gq) and L*(Gq).

The bound of Eq. has been recently further improved [193] by exploiting
the Clopper-Pearson bound [67].

Given P defined in Eq. and Q defined in Eq. , with probability at
least (1 — 26), we have that [193]

KL[Q[[P] < KL2(7,0,n)

2 In 5—"] 2 §5:nomoyq
| L I BRI R
e R R R I R A R e T Mm T
< KL1(7,26,n), (8.34)

where Q[t; v, w] is the t-th quantile of the Beta distribution with shape pa-
rameters v and w. Moreover, with probability at least (1 — 34), we have that:

KLy(v,0,n) +In [%"]

n

K1 [if(GQ)HLf(GQ)] < (8.35)

The loss ¢ that we use for P and Q can be different from the one that we
use for LY(Gq) and LY(Gq). If the losses used to define P, Q, L‘(Gq) and
L(Gq) are the same, the bound of Eq. can be further improved and,
with probability at least (1 — 24), we have that:

k1| 2(Ga)IL (Ga) (8.36)
_ VILZ(GQ) - EZ(GQ)‘ Q52,2 +1]+ 3 +In [%]

< +
n n
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Note that the main result of the bound of Eq. is that KLy(7,6,n) <
KL; (7,24, n). The results of the bound of Eq. can be plugged in any of
the bounds of Eqns. (8:15), (8:23)), (8:25), and (8.20). In this way we obtain
the sets Z§(6, P, Q,n), Z; (4, P, Q, m) and Z4(6, P, Q,n), when P and Q defined
in this section according to [55l [I60], are adopted. Then, the bounds on the
risk of the GC and BC can be derived.

Finally, we would like to underline that using two different kinds of losses
(one for P and Q and another one for EK(GQ) and L‘(Gq)) can be, in some
cases, very useful. In fact, when one has to build a classifier with few high

dimensional data [II], using ¢s during the learning phase, namely choosing
the prior, instead of £y that we would like to actually minimize, can led to
better generalization performances since we can better control our class of
functions [30), 49} 225, 265].

A straightforward consequence of the bounds of Equs. and is the
following bound, which improves all the results reported in [160].

Given P defined in Eq. and Q defined in Eq. , with probability at
least (1 — pd), we have that:

LY(Gq)e [inf Z§(6, P, Q, n),sup Z5(5, P, Q, n) ] , (8.37)
LY(Bq) < 2min [1/2,supZ5(5,P,Q,n)] . (8.38)

Note that if the loss exploited in P and Q is the same as the one used in
LY(Gq) and L¥(Gq), then p = 2 and

I£(6,Q,D,) = {r: r€[0,1], (8.39)
. ylr—L4Gq)| —Ha[82. 2 +1]+% +In|&
k1 [LZ(GQ)Hr] < ’ - ‘+ 15:5.3 n] 2 [6]

Otherwise p = 3 and:
I5(6,Q, Dn) (8.40)

KLa(v,8,n) + In [%ﬂ]

n

—Jr: ref0,1],k1 [ZE(GQ)HT] <

Analogously, it is possible to plug the result of the bound of into the
bound of Eq. in order to improve this last result in the cases when the
bound of Eq. is sharper with respect to the bound of .

Finally note that all the above mentioned bounds that take into account only

empirical quantities can be used both for MS and EE purposes by exploiting



76 8 PAC-Bayes Theory

Algorithm 5: PAC-Bayes Theory: MS and EE Strategy for the Gibbs
Classifier (for the Bayes Classifier it is analogous).
Input: {(P,F)1, -+ ,(P,F)n.}, Dn, and ¢
Output: Optimal Model Q* and the estimated generalization error of the
associated Gibbs Classifier L(Ggx)
1 L = +oo;
2 for (P*, F*) e {(P,F)1, - ,(P,F)n.} do
3 Choose Q with the preferred method;
Lns = A(Dn, Q, P, 6);
if L]T/IS > LMS then
Lfas = Lus;
Q* =Q;
L(Ggx) = A (D,,,, Q,P, %)

o N o OB

the approach described in the preliminaries of this book [104, [202] 203]. In
fact all the PAC-Bayes based bounds have the following form:

Pp, {L(Gq) < A(D»,Q,P,d)} =1 -9, (8.41)
Pp, {L(Bq) < A(D,,Q,P,8)} > 1—4. (8.42)

Then if we want to choose (P*, F*) € {(P,F)1,---,(P,F),.} and whatever
Q* we want, namely perform the MS phase, and estimate the generalization
performance of G+ and Bgs, namely perform the EE phase, we have to follow
the procedure summarized in Algorithm[5] Note that the generalization of the
final model is bounded by

Pp, {L(GQ*><A (Dn,Q*, p. 5)} 15

Ne
V(P*7.7:*) € {(F",]:)l7 N (P,]:)nc}, VQ*, (8.43)
Pp, {L(BQ*KA (Dn, Q*,P*, f)} 1.5,
(P, F*) € (P, F)r s (P Fhn )y Q. (8.44)

with probability (1 — J), since we have applied the Bonferroni correction [45]
over the n. choices for the Prior and space of functions. Note that A depends
on the particular <.
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Differential Privacy Theory

The problem of learning from data while preserving the privacy of individual
observations has a long history and spans over multiple disciplines [87] [108]
2770]. One way to preserve privacy is to corrupt the learning procedure with
noise without destroying the information that we want to extract. Differential
Privacy (DP) is one of the most powerful tools in this context [82 ]87]. DP
addresses the apparently self-contradictory problem of keeping private the in-
formation about an individual observation while learning useful information
about a population. In particular, a procedure is DP if and only if its out-
put is almost independent from any of the individual observations (which is
similar, is some sense, to the concept of Stability). In other words, the prob-
ability of a certain output should not change significantly if one individual
is present or not, where the probabilities are taken over the noise introduced
by the procedure. In the last years, DP has been deeply studied from a the-
oretical point of view [56] 86, [88) [124], 129, 144}, (158, (191}, 223] 247, 250, 273
and exploited to develop new learning strategies for solving real world prob-
lems [41] 1], 57, 58, 99, 122} 123, 245, 272].

DP allowed to reach a milestone result by connecting the field of privacy pre-
serving data analysis and the generalization capability of a learning algorithm.
From one side it proved that a learning algorithm which shows DP properties
also generalizes [84]. From the other side, if an algorithm is not DP, it allowed
to state the conditions under which a hold out set can be reused without risk
of false discovery through a DP procedure called Thresholdout [83], [85].

As we will see later DP can be applied to probabilistic (randomized) algo-
rithms, we need to know the space of rules from which the algorithms choose

the final rule and the observed data must be sampled independently and
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identically distributed (i.i.d.). Even if very powerful, DP is a quite young and
immature field of research which still needs to be carefully studied and deeply
understood.

In order to present the DP Theory, we first recall some preliminary defini-
tions [84][87, [265]. Let us consider an input space X and an output space ). We
indicate with px, ny, and pz respectively the distributions over X', ), and the
cartesian product between the input and the output space Z = X x ). From Z
we observe a series of n i.i.d. samples s = {z1,- -, z,} = {(z1, 1), -, (T, Yn) },
where Vi € Z,, = {1,2,3,---,n} we have z; € X, y; € Y, and z; € Z. More-
over, Z is a random variable sampled from Z according to pz, whereas s is
a dataset inside the space of all the possible datasets S = Z™ and B is the
distribution of probability generated by pz over S. Analogously to Z, S is
a random variable sampled from S according to 8s. We denote with s the
neighborhood dataset of s such that s = {21, -+, 2i—1, Zi, 2i41, " * -, 2n}, Where
¢ may assume any value in Z,, and z; i.i.d. with z;. We denote with S a subset
of the space of datasets S: S = S. Let us define with f : X — ) a function in
a space F of all the possible functions and F < F. The functions (or rules) in
F can be deterministic or probabilistic. A randomized algorithm o/ : § — F
maps a dataset s € S in a function f € F in a nondeterministic way that
can be encapsulated in a distribution p,, over F given s € S. We also define
an operator D which maps a function f € F into a subset of all the possible
datasets S. For example, D can be seen as an inverse operator of &/ which,
given an f € F, tries to retrieve the datasets S that may have generated f.
The accuracy of f € F in representing pz is measured with reference to a loss
function £ : F x Z — [0,1]. Hence, we can define the true risk of f, namely

generalization error, as

L(f) :Ezg(f,Z), (91)

together with its variance

V(f) =Ez[l(f. Z) - L(f)]*. (9-2)

Since pz is unknown, L(f) and V' (f) cannot be computed. Therefore, we have

to resort to their empirical estimators, respectively the empirical error [265]
~ n
L3.(f) = Yo ) U(f,20), (9-3)
i=1

and the empirical variance [175]
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n n
Valh) =t =1 3, 37 [(f, ) = 0(f,2)) (94)
i=1j=i+1
Let us recall the definition of DP [87]: a randomized algorithm < is (e, §)-
Differentially Private if

P, {@f () € ff} <ePy {@f (5) e ;f} +8, YECF, V¥seS. (9.5)

Note that in this book we will only deal with (e, 0)-Differentially Private al-
gorithms that we will denote as e-DP for brevity.

Since we are dealing with e-DP algorithms it is useful to give an alternative
simpler and more intuitive definition of e-DP with respect to the one of Eq.
. Basically this new definition says that if the probability of choosing a
function does not change too much if the algorithm is fed with a dataset s
or with its neighborhood $ then the algorithm is private [202]: a randomized
algorithm o7 is e-DP if

PW{M(S):JC} < €€
Po{es (3)=f} =

The milestone result in DP Theory [84] shows that an e-DP algorithm gen-

VfeF, Vses. (9.6)

eralizes. In particular two main results are derived. The first one [84] is very
general and shows that if a function D( f) is defined for each element f € F
and the probability that § € D(f) is small, then the probability remains
small if f is chosen based on S and . In other words the probability that
S e D(#(S)) remains smal

This first result [84] can be formalized as follows. Let 47 be an e-DP. Let us
suppose that Pg{S € D(f)} <8, Vfe F. Then

e<A/mMpn — Pgp{SeDF)}<3p. (9.7)

The second result, which builds upon the first one, shows that the empirical
error of a function chosen with an e-DP algorithm is concentrated around its

generalization error [202]. In particular, let 7 be an e-DP, then for any ¢ > 0
e<AZ-1@pn — Pgp {|L(F) —I5(F) > t} <3v2e . (9.8)

This result can be reformulated in a more convenient expression, which is
more suited for the subsequent analysis [202]. Let 7 be an e-DP, then we can
state that

! From now on with a little abuse of notation we will identify F' = </(S).
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Po.r {|L(F) = LE(F)| > ¢ + \/Yn} <37, (9.9)

The limitation of Bounds and is the slow convergence rate (i.e.
O(»/1/n)). When the empirical error is small we would like to retrieve a
Chernoff-type result [65]. Instead, when the variance is small, a Bernstein-
type or Bennet-type bound would be preferred [35] [38].

By exploiting the result of Eq. and the Chernoff bound [65] it is possible
to prove the following results, which improve the rate of convergence of the
bound of Eq. when LS (F) is small [202]. Let / be an e-DP, then for
any t >0

€< \/m
—  Por{|L(F) - L3(F)| = VOL(F)t} < 3v2e . (9.10)

Note that the rate of convergence of the bound of Eq. can be faster
with respect to the one of Eq. . In fact when Ef (F) — 0 the convergence
of the bound can reach O (1/n). This is made more evident in the following
reformulation [202] of the bound of Eq. (9.10): let & be an e-DP, then we can
state that

Ps F {|L(F) —LS(F)| = \/m (e + 1/n) +6(e*+ 1/n)}
< 3, (9.11)

The bounds of Eqns. and can be further improved when ¢ : F x
Z — {0, 1} by exploiting the exact confidence interval for binomial tails [67].
Analogously to the bound of Eq. which exploits the Chernoff bound [65],
it is possible to prove the following bound based on the exact confidence
interval for binomial tails [67]. Let <7 be an e-DP and ¢ : F x Z — {0,1},
then [202]

€ < /10 (0) fon

—~ Psp {L(F) <Q[6;nLS(F),n—nlS(F)+1] v
L(F) > Q[l — 6:nLS(F) + 1,n — nif(F)]} <3v25, (9.12)

where Q[p;v,w] is the p-th quantile of the Beta distribution with shape pa-
rameters v and w.

Analogously to what has been done for the bound of Eq. , the bound
of Eq. can be easily reformulated as follows. Let &/ be an e-DP and
{: F x Z — {0,1}, then we can state that
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Ps r {L(F) < Qe n LS (F),n — nLS(F) +1] v
L(F) 2 Q[1 - o=@y nL§(F) + Ln— nLS(F)]} <3¢, (9.13)

By exploiting a recent result on the Clopper-Pearson bound [59] [67), 193], it
is possible to extend the results of Eq. (9.12)) and (9.12)) to the general case
of £: F x Z —[0,1]. Let u be a random variable uniformly distributed over

[0,1] and let {uq,- - ,uy,,} be n; variables sampled i.i.d. from u. Let &7 be an
e-DP, then

€ < A/ In(20) fop

— Ps.r {L(F) <Qo;nL$"(F),n—nL§"(F) +1] v (9.14)

L(F)=Q[1- 5;ni§’“(F) +1,n— nif’“(F)]} < 3v/20,

—~ Pgp {L(F) < Qe /i n LS (F),n — nLS%(F) + 1] v (9.15)

2

L(F) = Q1 — ¢—2n<? 25 nf;?“(F) +1,n— nif“(F)]} < 3e "¢,
where LU(f) = 1/n S [e(f, 2i) = ;] (the Iverson bracket notation [121] is
exploited).

The problem of the bounds of Eq. (9.10]), (9.11)), (9.12)), (9.13)), (9.14)), and

(9.15)) is that, if Ef(F) is large, the rate of convergence is always O («/1/77.).
In order to improve this result we have to take into account the variance of

F. For this purpose we can use Bernstein or Bennet type inequalities [202].
Analogously to bound of Eq. , by exploiting the result of Eq. and
the Bernstein bound [I75] it is possible to prove the following result, which
improves both the bounds of Equs. and when E;?(F) is large and
VnS(F) is small. Let &/ be an e-DP, then for any ¢ > 0

€ < A/t2 — n®)an (9.16)
> - 14nt? .
- Psr {‘L(F) - Lf(F)‘ >\ AVZ(F)t + 3} <3V3e

(n—1)

The result of Eq. (9.16) can be reformulated in order to better show the
advances with respect to the bounds of Eqns. and (9.10). Let < be an
e-DP, then we can state that

e {[107) - 5500 2 W00 (e IR) + 2 40

< 3e7 . (9.17)
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Algorithm 6: Differential Privacy Theory: MS and EE Strategy.
Input: {A, -, %}, s, and §
Output: Optimal Model f* and its estimated generalization error L(f*)
1 L = +o0;
2 for &/ € {, -, o} do
3 Compute € for & ;
LMS = A(S, Qf, €, (5),
if Lﬂ]f/js > Lys then
L¥s = Lus;
f*=d(s);
L(’d*(f*)) = A(s, o€, %);

o I o ook

Obviously, these DP-based bounds can be used both for MS and EE purposes
by exploiting the approach described in the preliminaries of this book. In fact
all the DP-based bounds have the following form:

Ps r{L(F) < A(S, o ,¢,6)} = 1—06. (9.18)

Then if we want to choose &* € {4, -, 9, ,}, namely perform the MS
phase, and estimate the generalization performance of f* = &/*(s), namely
perform the EE phase, we have to follow the procedure summarized in Algo-
rithm [6] Note that the generalization of the final model is bounded by

Pg p* {L(F*> <A (S,ﬂ*,ed*,(s)} =>1-4,
Ny

Ver* e {ah, -, ), (9.19)

with probability (1 — J), since we have applied the Bonferroni correction [45]
over the ng choices for the algorithm. Note that A depends on the particular
o

Another important DP-based result is the possibility of using the same hold
out set many times (contrarily to what can be done with the resampling
methods) in adaptive data analysis by adding some noise over the measured
error on the hold out set via Thresholdout algorithm [83][85]. This is extremely
useful for many reasons. The simplest one is that we need less data to assess
the performance of our data analysis procedure [85]. The less intuitive one
is that, by adding some noise, we reduce the risk of overfitting and false
discovery [85], 87]. Moreover, Thresholdout pushed research into a shift of

paradigm in approaching the problem of adaptive data analysis by introducing
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Algorithm 7: Union Bound for the NAS
Input: s¢, sp, and H1, -, Py
Output: er (f1),- -+ en (fm)

1 for i — 1 to m do

2 ‘ fi = P (s¢) and compute L3 (f:);

a new methodology which goes beyond the state-of-the-art EE techniques [10,
85, [147, 195]. Finally, Thresholdout does not require any DP property over
the procedure for selecting our models. In particular, we have a training set
with no access restrictions for building the model and we have to interact with
the hold out set through Thresholdout, which instead is DP, for MS and EE
purposes [83]. Basically in the MS phase we will select the model with the
smallest generalization error guaranteed by the EE phase.

In the next paragraphs we will show the benefit of using the adaptive data
analysis with respect to the conventional non-adaptive one specifically for the
problems of MS and EE.

In order to proceed, we first need to recall some preliminary definitions. Let
s¢ € S be a training set and s, € S an hold out set, both of size n and i.i.d.
Let Lap(b) be a random variable sampled from a Laplace distribution of mean
zero and variance 2b%, in other words with probability density function I(z)
such that I(x) = 126 e='*/». ITn MS and EE we want to create many models f;
with ¢ € Z,,, based on s; through a procedure &?; with i € Z,,, and we want to
select the best performing one based on sj. This process can be performed in
a non-adaptive setting (NAS) or in the adaptive one (AS).

The NAS setting is the case when the procedures for building the models Z;
with i € Z,,, exploit just the training set.

For the NAS the best approach [202] is to use the Union Bound [45] (or Bon-
ferroni correction), since all the functions f; = 2;(s;) with ¢ € Z,,, are chosen
without seeing s;, (see Algorithm [7)). This allows to state that, if {f1,- -, f}
are chosen in a NAS [202],

In (%5*)

P, { Ji€ Ly : ‘L(fi) IS (f) 5

> < 0. (9.20)

Instead, the AS is the case when the procedures for building our models &;
with i € Z,,, exploit both the training set and the performance of &y, -, &;_;

over the hold out set.
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Algorithm 8: Hold out for the AS
Input: s¢, sp, and P21, -, Py
Output: L3/ (f1), -+, i (fm)

1 Split 55 in s, with i € T,n;

2 for i < 1 to m do
i—1

3 fi= % (st, IA/Z}I (f1),-- f/i" (fifl)) and compute Efj‘ (f2);

In the AS, conversely to NAS, f; with i € Z,,, in general depends on s;, (see
Algorithm , hence we cannot use the bound of Eq. . Then, one hold
out set for each &2; with i € Z,, is needed. Since the data available are just the
ones in sy, we have to split it in m sets of size 7/m that we will call s}i, SRRENE e
(see Algorithm [§)). This allows us to use the Hoeffding inequality [I18] and
state that, if {f1,--, fm} are chosen in an AS [202]:

min (3)

>
- 2n

Ps; {Ji €T, : ‘L(fi) — LR (f)

<6 (9.21)

Note that the bound of Eq. has many drawbacks with respect to the
bound of Eq. . The first one (I) is the slower rate of convergence:
O (W for the bound of Eq. and O (\/W) for the bound of
Eq. (9.20). The second one (II) is that the datasets that we use for testing
each f; with i € Z,,, are composed of a smaller number of samples: /m for the
bound of Eq. and n for the bound of Eq. .

Obviously the advantage of the bound of Eq. is that it can be used in
a AS, while the bound of Eq. can be used just in the NAS.

The fact that the bound of Eq. can be used in the AS can be exploited
for solving drawback (I). Let us make an example. Let us suppose that we
want to select the best hyperparameter of an algorithm. In the NAS the typ-
ical approach is to perform a grid search over g points defined before seeing
the hold out set and select the value which gives the best performance in
accordance with the bound of Eq. . Hence, we have to set m = ¢ in
the bound of Eq. . In the AS, instead, we can employ, for example, a
bisection method for finding the best value of the hyperparameter in accor-
dance with the bound of Eq. . Obviously this will result, in general, in a
search for a local minima but with the bisection method, in order to explore
the same grid, we need to explore a number of values of the hyperparameter

which is approximately In(g). Hence, we have to set m ~ In(g) in the bound
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Algorithm 9: Thresholdout for the AS
Input: s¢,sp,T,0,B, and Y1, -, P
Output: a1, -+, am

1 v ~ Lap(20), T=T+n;

2 for i — 1 to m do

3 if B <1 then

4 ‘ a; = J_;

5 else

6 fi = Pi(st,a1,--,ai—1), n ~ Lap(4o);

7 if |L7(f:) — Lyt (fi)] = T + 7 then

8 ¢ ~ Lap(o), v ~ Lap(20), IA“:T+’)/, B=B-1;
9 a; = Ly (fi) +&
10 else

11 ‘ ai = L3t (f:);

of Eq. . Consequently, in this example, the rate of convergence of the
two bounds is O («/ 1“(9)/n) in both the bounds of Eqns. and (9.21]).
The bound of Eq. can be further improved, under particular conditions,
by using the Thresholdout algorithm reported in Algorithm [0} In Algorithm
[ on the contrary to the classical hold out method, we do not have access
to the error on s; directly but we have to corrupt it with a Laplace noise of
variance proportional to o. Then it is necessary to define a budget B, corrupt
the distance between the error on s; and s; again with a Laplace noise of
variance proportional to o, and, only when it is above a defined threshold T,
it is possible to access the corrupted test set error by consuming the budget
B. Otherwise, we just look at the error on s;. When the budget B is finished,
we cannot test any additional function and we signal this event by returning
1. Thanks to the Thresholdout algorithm we can both improve the rate of
convergence and solve the drawback (II).

Thresholdout is an advanced combination of two main tools in the DP lit-
erature: the Laplace Mechanism and the Sparse Validate techniques [83] 87],
and for this reason it can be proved that Thresholdout is a DP algorithm [83]
with respect to sp. More formally, Thresholdout is 2B/on-DP with respect to
Sh, where B, o, T > 0 are user defined parameters of the Thresholdout.
Thresholdout basically perturbs the information over the error on the hold
out set such that we are able to maintain the DP property. The fact that
Thresholdout is 2B/on-DP together with the previous DP-based generalization
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bounds allows to guarantee that this perturbed error is still concentrated
around the generalization error [83]. Let 5, > 0 and m = B > 0. If T' = 3t/s,

o =tpeim (4), and ¢ = 40,/B(2"/s)/n, we have that

where A; and F; are the random variables associated respectively to a; and
fi in Algorithm [9]

It is easy to note that the bound of Eq. improves the rate of convergence
of the bound of Eq. and is also tighter when Bln(m) « m. Moreover
in the bound of Eq. the whole hold out set can be used for testing each
fi with i € Z,,,.

Note that, in our hyperparameter search example, we can use the Thresh-
oldout combined with the bisection method and select the best value of the
hyperparameter in accordance with the bound of Eq. . Consequently,
we have that Thresholdout can improve over both the bounds of Eqns.
and when Bln(ln(g)) « In(g).

Finally, we want to underline that the results of the bounds of Eqns. ,
(19.21)), and suffer from the problem of having slow convergence rates
0] \/%) with respect to the number of samples.

The bounds of Eqns. and can be easily improved via multiplica-
tive Chernoff inequalities [65], [202] and Bennet [35, [I75] or Bernstein [38]
inequalities. Then, the same has been done also for the bound of Eq. .
In particular, let 8,t >0 and m > B > 0. If T = 3t°/a, ¢ = ¢*/o61n (%ﬂ), and

t = 404/BIn(*/8) /. we have that [202]
Pa, p {Hi €T : A; # LA|A; — L(F)| = 30\/Ast + 50t2} <B.  (9.23)

The Bennett version of the bound of Eq. (9.23) is not reported because it is

overcomplicated.
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Conclusions & Further Readings

In this book we tried to provide an intelligible overview of the problems of
Model Selection and Error Estimation by focusing on the ideas behind the
different Statistical Learning Theory based approaches and simplifying most
of the technical aspects with the purpose of making them more accessible and
usable in practice.

We have not obviously covered all the methods available in literature but we
tried to give our point of view of this topic of research by focusing on methods
that do not require any additional knowledge apart from the available data.
This book is the result of many years of research and it can be useful both for
young researchers in order to approach this field of research and for expert
researchers in order to have a starting point for open new path of research.
We encourage the readers to also check other ME and EE promising methods
like, for example, the work on learning without concentration [I83], the works
on learning with the low noise assumption [248], the Occam’ Razor Bound [42],
the Bayesian approaches [110], and many others which are to many to list in
this book.

Finally we hope that we managed to transfer to the reader our passion and

dedication for this intriguing, challenging, and multifaceted field of research.






A

Bayesian and Frequentist: an Example

In order to show the differences between the bayesian and frequentist inference
let us solve the same problem with the two approaches. Let us suppose that
we want to find the probability of a swan to be black since we have observed
just white swans. The probability of a swan to be black, can be modeled as
a Bernoulli random variable where the probability of success (probability of
a swan to be black) is P € [0,1] and the observed probability (the number
of black swan s that we have observed out of a total of n observations) is
Pel0,1].
In the bayesian perspective the parameter P is not fixed but has an unknown
probability distribution and, before observing ]3, we have to encapsulate our
prior belief about P in the prior distribution. Since to do not have any prior
information abut P we use an uninformative prior which assigns equal prob-
abilities to all possibilities:

ppop =4t 1PE [(?’ 2 (A1)

0 otherwise

Now we could open a debate about the quality of this uninformative prior
respect to other ones like the Jeffreys prior [I16] or the Haldane prior [112]
but this is out of the scope of the current presentation and more details can
be found in [53] [66]. Since we are dealing with n realization of a Binomial
distribution we can compute the likelihood or, in other words, is the proba-
bility of observing s black swans in a group of n swans if the probability of

observing a black swan P is known:

P {13 - %‘P - p} - <Z)ps(1 — ), (A.2)
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Thanks to the Bayes’ theorem we have that:
P{P=:|P-p}P(P-p)
P{P-z} '

Note that, by the axioms of probability and since P € [0, 1], we have that:

]P’{Pzp‘ﬁz %} - (A.3)

J_O;P{P p’P_’}dp LlP{P P‘P—*}dp—l (A.4)

Consequently, we can state that:

- OOIP’{ }IP’{P p
. P{ﬁ g
1 ! ~ s
:IP’{ﬁ—Z}LP Pzﬁ)Pzp}]P’{Pzp}dp. (A.5)

Based on this result and on Eqns. (A.1) and (A.2) we can compute the
marginal likelihood which is the probability of observing particular exactly
s black swans in n observations:

P{f’—f}—J}P’{ﬁ ’P p}IP’{P pldp

S (T NV

where the Euler integral, which states that

L A - a:)b_lda: = m, a,b e No, (A7)

has been exploited. Finally by exploiting Eqns. (A.3)), (A.2]), (A.1) and (A.6)

we can retrieve the probability of the probability of a swan to be black given

the fact that we have observed s black swans in a group of n swans:

P {P - p’ﬁ - %} =(n+1) (Z)p@(l — )y (A.8)

From the posterior probability it is possible to retrieve any information about
the probability of a swan to be black. For example we can compute the ex-
pected value:
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®© s

OCpIP’{P:p']S: ﬁ}dp

Ep{P} :J

—J%n+DCDﬁHO—pWﬂ—S+1. (A.9)

0 n+2

which is the Laplace rule of succession [I51]. Note, again, that the the Euler
integral has been exploited. Another important information about P is it

credible interval. In particular we can state that with probability (1 — 4)
Pe [max (0,f —e) , min (1,f +e>] , (A.10)
n n
if the following condition is satisfied:
min (1,2 +e) n
f (n+ 1)(s>ps(1 —p)"*dp=1-0. (A.11)
max(0, 2 —e¢)

Unfortunately an explicit form of the credible interval does not exists. The
credible interval gives and information abut the possible values of the param-
eter of interest and the interval is true with high probability (see Figure .
Finally we would like to make two observations:

A

P{P:ﬂﬁ:f}
n

/ e

S
n

Fig. A.1. Bayesian interpretation of probability: credible interval.
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e choosing a different prior would give a different posterior and consequently
a different credible interval respect to the one of Eq. ;
e in Eq. we decided to report a credible interval symmetric respect to
the observed ratio. This is a choice that we made but it could be possible
to chose the credible interval which responds to a different criteria (e.g.
the tight interval which contains the area (1 — ) of the total area of the
posterior which is 1).
In the frequentist perspective, instead, the parameter P is fixed and unknown
while P is a random variable distributed according to a binomial distribution
of parameter P. Consequently we can compute the probability of observing s
black swans in n observations:

i {13 - f} - (”)Psu — pyn. (A.12)

n S

We can also compute the probability of observing at most s black swans out
n swans
P{P<2}-% (77>P”(1—P)n—i, (A.13)

n £ 1
=0

and the probability of observing at least s black swans out n swans

n
P{P>2} - (77)131‘1—13"-1‘. Al4
x(7)ra-n (A.14)
Conversely to Bayesian statistic there is no meaning in searching for the ex-
pected value of P since P is a deterministic variable. What we can do is to
find the confidence interval for the probability of a swan to be black P which
is the the range of values of P that with probability (1 — ) could have gen-
erated our particular observation of s black swan out of n. In other words if
we repeat again the observations of n swans, we check how many swans are
black and we compute the confidence interval, P will fall in that interval at
least with probability (1 — d) (see Figure [A.2)). For this reason we have to
search for the largest and the smallest values of P such that the probability
obtaining at most and at least s black swans out n swans is grater than /2.
Then we can state that if s black swans out n swans are observed than for
the probability of a swan to be black the following statement must hold with
probability (1 — 0):

mingepo) {p: Xi-, (7)o (1 —p)" =5},

Pe so Vi o
maxyepo {2 S (D91 =) 25}

(A.15)
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Experiment Repetitions

P

& . ® >
1

S|

Fig. A.2. Frequentist interpretation of probability: confidence interval.

There are different forms of the quantities in Eq. , refer to Appendix
for more details.

In order have some insight on the the results of the two approaches let us
suppose that we have observed n = 30 swans out of which just s = 3 are
black. Based on the bayesian statistic (see Eq. (A.10))) we have that

P €[0.00,0.24] with probability 0.95, (A.16)
while, based on frequentist statistic (see Eq. (A.15)) we have that
P €[0.02,0.27] with probability 0.95. (A.17)

The code for retrieving these results of Eqns. (A.16) and (A.17) can be found
in Listing

Listing A.1. Mathematica code for computing the credible and confidence interval

of Eqgns. (A.16) and (A.17)

(* Parameters #*)

n = 30;
s = 3;
delta = .05;

(* Bayesians x)
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creint [s_,n_,delta_]:=(

For[epsilon=0,epsilon <=1,epsilon=epsilon+.001,
tmp = NIntegrate[(n+1)Binomial[n,s]p s(l1—p)  (n—s),
{p,Max[0,(s/n)—epsilon] ,Min[1,(s/n)+epsilon]}];

If [tmp>=1—-delta ,

Return[epsilon ];

15

15
)
epsilon=creint [s,n,delta];

1b=Max[0,(s/n)—epsilon ]

1b=Min[1,(s/n)+epsilon]

(x Frequantists x)

1f=Quantile [ BetaDistribution [s ,n—s+1],(delta /2)]
uf=Quantile [ BetaDistribution[s+1,n—s],1 —(delta /2)]
(* Clean =)

Clear [n,s,delta ,creint ,epsilon ,lb ,ub, 1f , uf]

Note that the two intervals are not so different, but the two approaches gives

to radically different informations. The credible interval is an interval in the

domain of a posterior probability distribution. Bayesian intervals treat their

bounds as fixed and the estimated parameter as a random variable. A frequen-

tist (1 — &) confidence interval means that with a large number of repeated

samples there is a probability of (1 —4§) of such calculated confidence intervals

to include the true value of the parameter. The frequentist confidence intervals

treat their bounds as random variables and the parameter as a fixed value.

Most of the times to two statistical approaches often behave, like in this case,

pretty much the same, but in some cases one can be easier to apply respect

to the other.



B

The Wrong Set of Rules could be the Right
One

The problem of MS and EE is very tricky since some results are often counter
intuitive. Let us make an example. Let us suppose that z € X = [0,1] and

y €Y = R. Let us suppose that & is the following one:
Y = X%+ (B.1)

where € is a random variable distributed according to a Normal distribution
of mean p = 0 and variance o and P{X = z} = 1 if z € [0,1] otherwise

P{X = a2} = 0. We define our set of rules Fj, as the polynomials of degree h:

h
fl@) =, (B.2)
=0

where the unknown parameters which defines the final rule are {ay,...,an} €
R"*1 and h € Ny is the hyperparameter which defines the size of the set of rules
(the degree of the polynomial). The error of f in approximation & is measured
according to the square loss function £ (f, z) = [y — f(x)]?. Consequently the

generalization error of a function chosen in Fj, can be written as:

L(f) = ExE. {[X2 e— f(X)]Q}

h 2
= ExE. lXQ +e— )] aixil . feFn (B.3)
=0

Consequently the Bayesian rule will be:
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Frwes :arg inf L(f)
= arg n}f ExE {[X? + ¢ — f(X)]*}
= arginf ExE {X*+2X% + € - 2f(X)[X% + €] + [f(X)]*}
= arginf Ex {[70) = 2f(X)[X* + Ec {e}] + X* + Ec {€*}}
= arginf Ex {[X* — (X))} (B.4)

Since Ex {[f(X) — X?]?} > 0 and since if we select as function f(z) = z* we
have that Ex {[f(X) — X?]*} = 0 and we can state that:

fBaves(z) = 22, (B.5)

Let us remember a property of the Normal distribution in order to compute

the generalization error of the Bayesian rule:

oP(p— 1N if p even
Ee{(n—e)P} = ~, peN. (B.6)
0 otherwise

Consequently the generalization error of the Bayesian rule can we derived:
L(fP%) = ExEc {[X? + € — fP¥*(X)]’} = E. {*} = 0°. (B.7)

If instead we search for the best approximation of the Bayesian rule in Fp,
we have that:

o ifh=0
fi(x) =af : arg im]"R ExEc {[X* + € — ao]*} (B.8)
ap€

= arg ingR Ex {[X? — ao]’}

apg€

1

2 1
= inf 2 _aolPdx = inf a2 — = =,
argal;éRL[x apl“dx arg inf aj 3a0+5

Consequently we have that:

fi) = 5. (3.9)

The generalization error of f§ is:
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L(fF) = ExE X2 + e — 50}

_EXEE{[XM_;]Q}

2 1
—ExEG{X4+26X2+62—3(X2+6)+9}
1
2 1
:f ' — a2 + 0% + —da
0 3 9

4
=02+ o o? +0.0889; (B.10)

e ifh=1
ff(x)=af +afz: arg{ ing 2 ExEc {[X* + e —ap— a1 X]*} (B.11)
ap,aq €

=arg inf Ex {[XQ—ao—alX]z}

{ao,al}ER2

1
=arg inf J [2% — ap — ay2]?dx

{ao,a1}6R2 0
A I 2 1.1
= ar mn a —= Tapa1——ap——=a —.
& (aoarjere 0T gg2 TAOMT 0TI Y

By putting the derivative respect to ag and a; to zero we have that:

2a* + a* = 2
e (B.12)
aak —+ EGT = 5
Consequently, by solving the above linear system, we have that:
1
i) = gt (B.13)

The generalization error of ff* is:

L(f?) = BxBA[X2 + e~ 10}

2
1
=ExEE{|:X2+€+6—X] }

1 1 2
=EXEE{X4”€X2+62+2<X2+6> (3-%)+(3-%) }

6 6
1 1 1 2
:f zt + 222 (—x) + <—x> + o2dx
0 6 6
1
2 2
= — = 0.0056; B.14
o° + 50 =° + ; ( )
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o ifh>2
fF(x) = 22, (B.15)

since the space of function contains the Bayesian rule. The generalization

error of f¥ with h > 2 is exactly as the one of the Bayesian rule:
L(fE) = L2 = 0%, h>2. (B.16)

Unfortunately in a real applications & is unknown so fB%° and f}* are un-
known. For this reason let us suppose to have just some empirical data d,,
available. We have to define an algorithm that tries to select in Fj, a function
that is as close as possible to the best approximation of the Bayesian rule in
Fp, which is f;¥. The first idea about 27, is to search for the function according
with the smallest error over the available data:

h ny
~ ‘ .
h = arx': ar inf Bl Cf ()12
" i;) ' g{aoa“wan}eRh“ ny i=1[yl fu(@i)]
ny h 2
- b = 2wt B.17
g{a07"',ah}€Rh,+1 Z lyl Z % 1 ( )
=1 i=0
and in order to find the best {ag, --,ar} € R"*!, we have the solve the

following linear system:

ao

1z :Ef az:’lZ a Y1
2 h 1

1 oo x5 -+ a3 Y2

) a2 | =1 1. (B.18)

2 h :

Lxp, @, -+ oy, Yn
ap,

Since ]E(Xqu)ww(an,Ynl)n% St Y — fa(Xi)]? = L(fn) we have minimized
the empirical unbiased estimator of L(f). Note that f can be seen as a ran-
dom variable since it depends on d,,, and o7, has the following characteristics:
e if h € {0,1} the approximation error is different from zero and the estima-
tion error, in general could be different from zero;
e if h > 2 the approximation error is zero and the estimation error could be
different from zero;
e we consider the implementation error equal to zero even if the linear sys-

tem will be solved with numerical routines.
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Since in this case we know & we can compute the generalization error of f}:

h 2
L(f}) = ExE. l)@ +e— Y, a;"Xil
=0

h h 2
—ExEc{ X* +2eX% + € —2(X? +€) ), aF X' + (Z ani>

1

Note that the last integral has no close form solution for a general h and
{ag,--- ,an}, as soon as h becomes fixed the integral has a simple close form
solution. In order to understand the quality of the algorithm it does not make
sense to check the generalization error of f;f for a single d,,, but we have to

compute its average behaviour over the whole possible dataset coming from

G:

n

h 2
E(X1,¥1), (X0, Yo) inf Z le — Z aiXI] (B.20)
i=0

{ao,”- ,ah}GRh i1

In Table we report, by varying n; and h the estimation of the quantity of
Eq. (B.20) with o = 1 (the code behind Table is reported in Listing [B.1
and it is just a mere application of Eq. (B.20])).

Listing B.1. Matlab code for reproducing Table

%% Cleaning
clear

close all
clc

%% Parameters

seed = 13;

sigma = 1;

nMC = 10000;

rn = [3 30 300 3000];
mh = 4;

%% Definition of the integrals for the generalization error

10 = @(f,s) s 24+1/5—((2+£(1))/3)+£(1)"2;

i1 = @(f,s) i0(f,s)—f(2)/2+F(1)*f(2)+£(2)"2/3;

12 = @(f,s) il(f,s)—(2+F(3))/5+2/3+f(1)xf(3)+1/2xf(2)*f(3)+f(3)"2/5;
i3 = @(f,s) i2(f,s)—f(4)/3+1/2+f(1)*f(4)+2/5+f(2)*f(4)+1/3+F(3)...
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«f(4)+£(4)°2/7;
id = Q@(f,s) i3(f,s)—(2%£(5))/7T+2/5+f(1)xf(5)+1/3%f(2)*f(5)+2/T=f(3)...
«f(5)+1/4xf(4)«£(5)+f(5)"2/9;

%% Set the random seed
s = RandStream ( 'mcgl6807’, seed’ ,seed);
RandStream.setGlobalStream (s );

%% Compute the average gemneralization error and its standard deviation

rism = zeros(mh+1,length(rn)); risv = rism;
in = 0;
for n = rn

in = in + 1;
for MC = 1:nMC

x = rand(n,1);

y = x."2 + sigmaxrandn(size(x));

m = [];

for i = 0:4
m= [m, x."i]; %#ok<AGROW>
f = m\y;
tmp = eval(sprintf(’i%d(f,sigma)’,i));
rism(i+1,in) = rism(i+1,in) + tmp;
risv(i+1l,in) = risv(i+1,in) + tmp~2;

end

end

end
rism = rism /nMC;

risv = sqrt(risv/nMC — rism."2);
%% Student 95% confidence interval
eps = 2xrisv /sqrt (nMC);

%% Make the table

ris = zeros(mh+1,2xlength(rn));

ris (:,1:2:end) = rism;

ris (:,2:2:end) = eps;

fprintf(repmat ([repmat(’%.3e_pm.%.3e,-",1,length(rn)), ’\n’]...
,1,mh+1),ris ’);

& 3 30 300 3000
h
0 |1.4549 + 0.0104| 1.1239 + 0.0010 | 1.0925 + 0.0001 | 1.0893 + 0.0000
1 [11.1917 + 5.5205|1.0737 + 0.0014| 1.0124 + 0.0001 | 1.0062 + 0.0000
2 | 5-10%+1-10° | 1.1095 + 0.0020 |1.0102 + 0.0002|1.0010 + 0.0000
3 | 5-10%+1-10° | 1.1705 + 0.0059 | 1.0136 + 0.0002 | 1.0013 + 0.0000
4 | 5-108+1-10° | 1.2728 + 0.0110 | 1.0171 4+ 0.0002 | 1.0017 + 0.0000

Table B.1. No free lunch theorem: the right model is the wrong one.
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From Table it is possible to retrieve many useful insight about the algo-
rithm .7, in particular, intuitively, one expect <7, to have a smaller average
generalization error for A > 2 since, in this case Fj, contains the Bayesian
classifier, so the approximation error is zero and the algorithm is affected just
by the estimation error. Vice versa if h € {0,1} the approximation error is
different from zero (and is larger for A = 0 respect to when h = 1) moreover
there is the estimation error which affects the procedure. Intuitively, based on
these consideration these considerations, one should always select an h which
is grater or equal to two since, thanks to this choice, the corresponding F}, has
no approximation error. Moreover since we do not know a priori the right h
(since in real applications just d, is available) it is better to choose h as large
as possible in order to be sure that the bayesian classifier is inside Fj, and
the approximation error is equal to zero. Table tell us a different story. In
particular from Table it is possible to note a very important fact: the best
choice of h does not depends just on & but also on the number of observations
n; of &. Table tell us that:

e choosing h > 2 is never a good option especially if n; is small;

e choosing h = 2 which is exactly the right Fj, is the correct choice only if

ny is large enough;
e choosing h € {0, 1} is the best option if n; is small. Moreover the smaller
is n; the smaller is the A that you should chose.

This simple example is at the basis of one of the biggest problem of learn-
ing based on empirical data. Sometimes and algorithm that choses from the
wrong set of models based on d,,, can show better generalization performances
respect to the right one because the different sources of error (in this case ap-
proximation and estimation) one average can be larger or smaller based on
G and how many observation n; of & are available. This means that if, for
example, we take n; = 3 observations and h = 0 the approximation error is
big but the estimation error is small enough to compensate the case when
h = 2 where the approximation error is zero and we have just the estimation
error. It is possible to show that also for the implementation error the same
phenomena depicted in Table can be observed: basically an algorithm
which is affected by the implementation error could work better then its im-
plementation error-free counterpart. One can refer to [200] for some examples
and theoretical analysis of the effect of the implementation error on learning.
This effect can be explained with the Occam’s Razor principle formulated by
William of Occam in the late Middle Ages as a criticism to the science of that
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time (in particular philosophy) where the theories became more and more
elaborate without any corresponding improvement in their predictive power.
In its original form, it states that 'Nunquam ponenda est pluralitas sin nece-
sitate’, which approximately means ’Entities should not be multiplied beyond
necessity’. Today this principle is used to explain the phenomena described
above in the sense that there is no meaning in choosing a too complex set of
rules Fp,, or in other words a too large h, if we do not have enough information

available, or in other words if n; is too small.
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Properties and Inequalities

In this part of the appendix we recall some properties and inequalities that

have been exploited in this monograph.

The Bonferroni Correction

In probability theory, the Bonferroni correction, also known as the Union
Bound or Boole’s inequality, states that for any finite or countable set of
events, the probability that at least one of the events happens is no greater
than the sum of the probabilities of the individual events [45]. Formally, for a

countable set of events {F1,- -, E,} we have that:

Pg, .. &, {UE} < ). Pg, {Ei}. (C.1)
1=1 1=1

The inequality can be proved via induction method. In particular, let us first

recall some properties [54]. For all 4, j € {1,--- ,n} it is possible to state that:
n n
UEZ» = ( U Ei> v Ej, (C.2)
i=1 i=1ij
Pp,. g, {Ei v Ej} = Pp, {Ei} + Pg, {E}} — Pp, 5, {E: 0 Ej}. (C.3)

Consequently, we can derive the following bound:
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since the probability of an event is always a nonnegative number [I3§]

IPEIV..A E,, {El N (0 EZ> } = 0. (C5)
=2

By applying the induction hypotheses it is possible to retrieve the Bonferroni

correction.

Jensen’s Inequality

Jensen’s inequality relates the value of a convex function of an integral to the
integral of the convex function [126]. In the context of probability theory, it
is stated as follows: if X is a random variable which takes values in X < R,

and ¢ : R — R is a convex function, then

p(Ex{X}) < Ex{p(X)}. (C.6)

The proof in the continuous case is rather technical and can be retrieved from
[126]. Here we report the proof for the finite case: X = {x1,-- -, x,}. Since ¢

is convex, if we take ¢ € [0, 1] we obtain:
o(te; + (1 —t)xj) < te(x;) + (1 —t)e(z;), Vi,je{l,---,n} (C.7)

Note also that the expected value of the random variable X can be written

as:

Ex{X} = i xZIF’X{X = 1’1’}; (CS)
i=1

where

iPX{XZZ'i} = 1. (C.9)
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Thanks to these definitions we can prove the inequality:

p(Ex{X}) = (Z i Px{X = l’z}> (C.10)
Px{X = xi} >

- <x1PX{X = o+ (L= PxiX = o)) Z TSPy (X — a1}

ot eister e =g B

Since

5 Px{X =

D X =m) (C.11)
o 1-— Px{X = xl}

one can apply the induction hypotheses to the last term in the previous for-

mula to obtain the result:

e(Ex{X}) (C.12)

—¢<imiPx{X—xz> i DX X = a1} = Bx (X)),

i=1

Note also that, if we multiply both sides of Jensen’s inequality by —1, we can

obtain:

—p(Ex{X}) = —Ex{p(X)} = Ex{—p(X)}. (C.13)

Since ¢ is convex —¢ is concave. Consequently, if ¢ : R? — R is a concave
function we obtain:

p(Ex{X}) = Ex{p(X)}. (C.14)

The Jensen’s inequality is one of the most exploited properties in statistics

because of its generality and simplicity.

Markov’s Inequality

Markov’s inequality gives an upper bound for the probability that a non-
negative random variable X, which assumes values in X < [0,00), is greater

than or equal to some positive constant [54]. In other words, for any ¢ € (0, ©0):

]EX{X}'

Px{X >t} < .

(C.15)
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In order to prove the property let us suppose that X is distributed according
to a probability distribution P where its PDF is p : X — [0,0). Based on
these definitions we can state that:

Ex{X} = jooo xp(z)dr = f zp(x)de + f

0 t

t o] o¢]

xp(z)dx = L xp(z)dz

> JOO tp(z)dz > tJOO p(z)dr = tPx{X > t}. (C.16)

Moreover, if ¢ : R — [0, o0) is a strictly monotonically increasing nonnegative-
valued function, for any ¢ € (0,00) we obtain:

Py {p(X) > (1)} < EX%)X”

The proof is analogous to the one of Eq. (C.16). Markov’s inequality is ex-

tremely useful and it is the basis of each result presented in this monograph.

(C.17)

In fact, it is used to prove all the CIQs for sum of i.i.d. variables [118] and for

functions of i.i.d. random variables [47].

Chebyshev’s Inequality

The Chebyshev’s inequality measures how large is the probability of a random
variable X, which assumes values in X < [0, 0), to be far from its expected
value in terms of its variance [258]. Note that Chebyshev’s inequality can be

seen and as a simple application of Markov’s inequality, for any ¢ € (0, 00):

Px{X —Ex{X} >t} < Px{|X —Ex{X}| >t} = Px{(X —Ex{X})? >t}
< Ex{(X —Ex{X})?} _ VxiX}

e 2 (C.18)
Analogously we can state that for any ¢ € (0, 00):
Vx{X
Py{Ex{X}— X >t} < XX} (C.19)

12
Analogously to Markov’s inequality, Chebyshev’s inequality possesses great

utility because it can be applied to completely arbitrary distributions.

Hoeffding’s Lemma

Hoeffding’s lemma is an inequality which bounds the moment-generating func-

tion of any bounded random variable [I18]. Let X be a random variable which
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assumes values in X € [a, b], with a,b € R, a < b and Ex{X} = 0. Because of

the convexity of the exponential function we can state that Vh € R:

b—X X —a
E XY < | ha hb 9
X{e } X{b—ae +7b_a€ (C 0)
—Ex{X Ex{X}—
_ b X{ }eha + X{ } aehb (021)
b—a b—a
b a b
— a_ . .22
b—ae b—ae (C22)

By setting A = h(b—a), p = —a/(b—a) and f(\) = In(1 — p + pe”) — hp we
obtain:

Ex {th} <ef®, (C.23)

Taking the derivative with respect to A we obtain:

df (A) d*f(N) 1
0) =0, —’ —0, <-, C.24
10) d\ 1x=o0 dX? Ix=0 4 ( )
Consequently by Taylor expansion, we obtain:
Ex {e"*} <ef® < eiN = exh?(0-a)?, (C.25)

This is a property that is widely used for deriving CIQs as the HIQs [118] and
the BDFIQs [I81].

Kullback-Leibler Divergence and Pinsker’s Inequality

The Kullback-Leibler divergence [142] is a non-symmetric measure of the
difference between two probability distributions Q and P defined over a
set X. If Q and P are continuous distributions their PDFs are respectively
p: X —[0,00) and q: X — [0,00) and with = we indicate a point in the set

X. The divergence is defined as follows:

KL(Q||P) = L q(z)In [‘;Eg] dz. (C.26)

If Q and P are discrete distributions and @ and P are random variables
distributed according to respectively Q and P, we have that:

QP = ¥ PIQ = ohn | 5@ =0 (1)
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Whenever q(z) (or P{Q = z}) is zero the contribution of that term is inter-
preted as zero because:

lim aln [%] =0, a,bel0,m). (C.28)
The Kullback-Leibler divergence is defined only if p(z) = 0 (or P{P = z} = 0)
implies q(z) = 0 (or P{Q = x} = 0). Nevertheless, in [31I] it is noted that
the divergence becomes infinite whenever p(z) = 0 (or P{P = z} = 0) and
q(z) # 0 (or P{@ = x} # 0) (no matter how small):

) a
gl_I)I(l)ahl [5] =, a,be[0,00). (C.29)

A particular case is when Q and P are Bernoulli distributions [127] with prob-
ability of success respectively equal to g € [0,1] and p € [0, 1]. In this case we
obtain:

(1-49)
(1-p)

Pinsker’s inequality, instead, is an inequality that bounds the total variation

KL(Q||P) = ¢In [Z] +(1—-q) m[ ]ékl(q|p). (C.30)

distance (or statistical distance) in terms of the Kullback-Leibler divergence
[211], 262]. The inequality is tight up to constant factors [73].

1 continuous
<4/ =KL P), , C.31
2 (QIIP) distributions ( )

sup | fala) - p(a)] do
Acx |JA
1 discrete
Slglg( ;[P{Q:m}—P{P:m}] S §KL(Q||P)’ distributions (C.32)

The proof is rather technical and it will not be reported here but it can be

retrieved from [262]. Again, when Q and P are Bernoulli distributions, we

4 pl < \/5K0ll). (€3

The Kullback-Leibler divergence and Pinsker’s inequality are widely used both
in deriving CIQs (e.g. the HIQs [118]) and in the SLT [267] (e.g. the PAC Bayes
Theory [I80]).

obtain:

Inequalities for Sum of Random Variables

The law of large numbers of classical probability theory states that sums of

independent random variables are, under very mild conditions, close to their
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expectation with large probability [54]. A series of inequalities can be derived
for specifying how close they are. Let {X, X1, -+, X, } be n+ 1 bounded i.i.d.
random variables which take values in X < [0, 1] such that:
Ex{X} = p, (C.34)
Vx{X} = o2 (C.35)
Moreover let us define their empirical unbiased counterparts:

Zn] (C.36)

=1

LY = nAZZ(Xi—Xj)Q- (C.37)

i=

3\?—‘

H
-.
I

—_
<.
I

—_

Note that [54]:

Ex,...x,{A} = . (C.38)
EXI’...’XH{E'Q} = 0'2. (039)

Based on this preliminary definitions we can present the different inequalities.

Clopper-Pearson’s Inequalities

The CPIQ state the exact confidence intervals for Binomial tails [67]. In par-
ticular let X = {0,1}, so the random variables under analysis are Bernoulli
random variables [127] with probability of success p. Then, for each t €
{0,1/n,2/n,--- ,1}, we obtain:

P e, = 1) = (1 )it =, (C.40)
Prooon, (i<t} =) (7)uta = (C.41)

i=0
~ iAW n—i
P 0= 0= 3 (7 ), (C.42)
i=nt t
Based on these definitions we can bound, with probability (1 — 0), the prob-

ability of success p given the fact that we observed nji successes:

< : ‘(1—p)"* = 0| = Aa 75 ’ 4

p< max lp ;) (i)p (1-p) cp<(fi,n, d) (C.43)

pz i (o 3 (V0= prze| s @n). Ca
pel0,1] iZni ) =
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We can also bound, with probability (1 — §), f given that the probability of

success is p:

=

ce{l,-,n

c. < (1 n—i PP
< max } [n : ;C (i),u'(l — ) = (51 = cp(k,n, ), (C.45)

=

(&
c n\ . ,
> min | —: et =)t =8| = cpa (i, m, 0). C.46
Ce{lwm}ln ;}(Z)u( W) 1 B> (1,m,0).  (C.46)
Unfortunately these bounds are all in closed form but they can be easily com-
puted with simple numerical routines [7]. For example, because of a relation-
ship between the cumulative Binomial distribution and the Beta distribution
[127], cp< and cp., are sometimes presented in an alternative format that uses

quantiles from the beta distribution:

cp(f,n,0) = Q1 = &;nfi + 1,n — nj), (C.47)
cps (f,n,0) = Q(d;nji,n — nji + 1), (C.48)

where Q(p;v,w) is the p-th quantile from a Beta distribution with shape pa-
rameters v and w.

Even if the bounds are in implicit form, there are some properties which may
be useful in order to better handle and understand them. In particular, in
[147], it has been proved that:

oo (fime™) < fity[5o (C.49)

cp<(,u,n,e x) < ﬁ + ﬁ; + ;7 (CSO)
cp<(0,m,e7") < % (C.51)
cp<(i1,m,0) — i < cpc (0.5,n,6) — 0.5. (C.52)

A further result can be retrieved by exploiting the CPIQ. In particular, it is
possible to establish a fundamental connection between binomial parameters
and means of bounded random variables [59, [60]. Let X = [0, 1] distributed
according to P with its PDF p : X — R. Let U be a random variable uniformly
distributed over U = [0, 1], and consequently its PDF is u(u) = 1 if u € [0, 1]
and u(u) = 0 elsewhere. Let us suppose that X and U are independent. Then:

Jw u(u)du> p(z)dz = Ll zp(z)de = Ex {X}. (C.53)

0

pX,U{X>U}=f(

0
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We can exploit this property in order to prove a general result for sum of
bounded random variables. Let {U,Uy,---,U,} be n + 1 i.i.d. random vari-
ables. Let also {Z, Z1,- -+, Z,} be other n+1 i.i.d. random variables such that
Z = [X = U]. Note that Z is a Bernoulli random variable. By exploiting the
previous results we can state that the following bound holds with probability

(1-19):

p=Ex{X}=Pxv{X >U}

S|

=Exu{[X =>U]} <cpc ( i[Xi > Ui, n, 6) ) (C.54)

Analogously, we can state that:

1 n
W= cps (n lzzl[X, > Ui],n,(5> . (C.55)

In order to avoid an unlucky realization, and since we know the distribution of
U, one can generate much more realizations of U: {Uy, -+ ,Upmy}. By taking
the average of the different realizations we can state that the following bounds
hold with probability (1 —e™*):

1 & 1 &
1% < E Z Cpg ( Z[Xz = U(j_l)n+,»]7n,5> y (056)

1 ¢ 1 &
K = E Z CP? ( Z[XZ = U(j—1)7L+’i]7n76> . (057)

Note that this result is quite important since it represents the best known
bound for sum of [0, 1]-bounded random variables which does not exploits
moments of higher order (e.g. the variance).

Hoeffding’s Inequalities

The HIQ are very general results for sum of bounded random variables [I18].
Let X = [0, 1]. The proof of the HIQ is quite simple:
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Px, .. x, {i—p=t} (C.58)
:]P)le.u,xn {EXi—nLL?nt}a te (Ovl_ﬂ) (059)
i=1
< EXl,u. , X eh(z?zl Xi_n#_nt)7 h’ € R (060)
=émeXh”xﬁ{JZLﬂ&—m} (C.61)
— et By, {eh(xi—u)} (C.62)
i=1
e—hnte—nhu n EXI {thi} (063)
< efhntefnhu (1 —u+ [J,Ch) (064)
i=1
_ e—hnt —nhp(l —u+ /,l,eh)n (C.65)
_ [e—ht —hu — [+ pe )] (066)
—p—t+1 ptt ™
1
_ C.67
l —t+1 <u+t> ] (67
_ KL (et ) (C.68)
< 6727’”:2, te [0’ OO) (069)

Note that:

e From Eq. to Eq. we have exploited Markov’s inequality;

e From Eq. to Eq. we have exploited the i.i.d. hypothesis;

e From Eq. to Eq. we have exploited the convexity of the
exponential function;

e From Eq. to Eq. we have optimized respect to h:

ole e (1 — p+ pe™)]

= =0, (C.70)
pel =R by 4 1) (= — t)e R =, (C.71)
<u—nw+w]
[uw+t—D )

e From Eq. (C.68) to Eq. (C.69) we have exploited Pinsker’s inequality.

By following the same argument it is possible to prove that:

Py, = >t} < e, te[0,00). (C.73)
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The two bounds can be presented in their explicit form and, with probability

(1 — e~ ), we obtain:

~ x
u—,uéu%. (C.75)

Note that HIQ imply also some tighter results (see Eq. (C.68])) which are often
less known because of their implicit form:

Px, . x, (i —p =t} <e ™M e (0,1 - p), (C.76)
Px, o x, (==t} < e MUt e (0,0 — 1), (C.77)

The latter bounds are much tighter with respect to the conventional ones of
Eqns. and but a numerical routine is needed in order to compute
the upper or lower bounds of  (by solving the problem with respect to p [7])
or . Note that recently in [36, 255] it has been shown that the bounds of
Eqns. and can be further improved by a constant factor. We do
not include this result since the results reported in Appendix [C| are tighter
with respect to the ones of [36] 255].

Taking Into Account Moments of Higher Order

The inequalities presented in the previous Appendixes (CPIQ and HIQ) are
the best known bounds that exploit information about the first moment of
the distribution (the mean value). Other results, which exploit moment of
higher order like the variance, have been proved in the past. In particular, by
following a slightly different proof with respect to the one presented for the
HIQ), it is possible to prove that:

—nkl( tto? o2 )

Px, . x, {i—p=>t)<e "D e (0,1 p), (C.78)
~ 7nkl(t+"2 o? )
Px, .. x, {p— =t} <e ") e (0,u—1). (C.79)

The proof can be retrieved from [36], [I18]. By upper bounding the previous
results one can derive the Bernstein’s [38], Bennett’s [35] and Prohorov’s [215]
inequalities (refer to [I18] for details). The bounds of Equs. and
can be much tighter respect to their counterparts (Eqns. and )

In particular, by using rescaling and choosing the maximal possible variance
0% = p(1 — p), the bounds of Eqns. (C.78) and (C.79) degenerate into the
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ones of Eqns. (C.76) and (C.77)). Moreover, the bounds of Eqns. (C.78]) and
(C.79) can be further improved by a constant factor (see [36, [118]), but this

is out of our scope. The problem here it that the bounds of Eqns. (C.78) and
2

(C.79) cannot be empirically computed since o is unknown.
In order to estimate o we have to exploit a result from the literature [173)
[75]. In particular, it is possible to prove that 52 is a SBF (see Appendix |C));
therefore it is possible to state that:

_(n=n)?

Px, .. x,{c?—6> >t} <e 27 , te[0,0). (C.80)

Note that the above mentioned bound is not the sharpest one (see Appendix
and [I'73], [I75]) but for the purpose of our presentation the reported bound
is good enough. Moreover, we do not report the proof here because it is rather
technical and it is out of the scope of this Appendix, in any case, it can be
retrieved from [I73], [I75]. The bound of Eq. allows to upper bound o2
based on its empirical estimator 2. In particular, by exploiting Eq.
we can state that with probability (1 —e™?):

202
252 </ . 81
0" —0 — (C.81)

By solving it with respect to o2, and by taking the largest solution, with
probability (1 —e~%):

9 26%x 2z

. .82
n—1 n-1 (C.82)

By plugging this last result into the bounds of Eqns. (C.78) and (C.79) we
get their empirical counterparts. When n is small the advantage of using the
bounds of Eqns. and with respect to the ones of Eqns. and
is wiped out by the estimation of o2 through the bound of Eq. .
Instead, as n increases, Eq. becomes tighter and the bounds of Eqns.
(C.78) and (C.79) still improve over the ones of Eqns. and .

Unfortunately this effect becomes evident for really large n ~ 10% + 10,
therefore the bounds of Eqns. (C.78)) and (C.79|) are often not taken into
account in practical applications [7].

Inequalities for functions of random variables

As described in Appendix [C} sums of i.i.d. random variables can be close to

their expectation with a large probability. This appendix, instead, gives some
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results about how close general functions of i.i.d. random variables are from
their expected value. For this purpose we assume that {X;,---,X,} are n
i.i.d. random variables taking values in X and we report some preliminary
definitions. In particular we will denote with Z a function on n random vari-
ables

Z=f(X1,,Xn), f:X" >R (C.83)

We will denote Z* the same function Z but where the k-th element X} is
replaced with another one X, ii.d. to X

Zk =f(X17 7Xk717X]/<:7Xk+15' t 7X’I’L)7
X, XL iid, kef{l,---,n}. (C.84)

Finally we will denote with G\* another function of n — 1 variables defined as
{X1, - Xn P\ Xk

G\k =g(X1," . 7Xk:717Xk+1a"' 7X’n)>
g: X" P SR, ke{l,---,n} (C.85)

We will make also use of some additional auxiliary mathematical functions
[196]

$pa)=(1+a)ln(l+a)—a, a>-1, (C.86)

$(a)_1_exp[1+w_1 (“;1>] 60| =a. acl.1] (Cs7

a

$(a) = exp [1 + W <g1>] 1 6[d@] =a ac[0,m),  (C88)

where W_; and W), are, respectively, two solutions of the Lambert W function
[69]. Note also that [46]:

o) > 5 i 5 ael0,], (C.89)
3
#(—a) > “; ael0,1]. (C.90)

In the next sections of this appendix we will present some inequalities which
bound, with high probability, the difference between the random variable Z
and its expected value. The first inequalities, discovered by [I81], are the ones
for Bounded Difference Functions reported in Section [C} Then the ones for

Self Bounding Function have been proposed in [46] and then further refined
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for Generalized Self Bounding Functions in [48]. The latter are reported in
SectiondC] and [C] respectively.

Generally speaking, the loosest inequalities are the ones of Appendix[C] while
the sharpest one are those of Appendix [C] The tightness of the inequali-
ties of Appendix [C] instead, remarkably depends on the variance of Z: this
is the typical behaviour of the Bennet-type inequalities. Obviously, in or-
der to apply the inequalities of Appendix [C] f must satisfy less restrictive
conditions respect when we want to apply the inequalities of Appendix [C]
The inequalities of Appendix [C] require instead less restrictive conditions
with respect to the ones required by the inequalities of Appendix [C] but
more restrictive ones respect to the ones required by the inequalities of Ap-
pendix [C] All the presented results are usually called CIQs. Several methods
have been proposed to prove such inequalities, including martingale meth-
ods [I81],[182], information-theoretic methods [2, [74] [T67HI70] 222], induction
method [254] [256], 257], entropy method based on logarithmic Sobolev inequal-
ities [44] 46, [48], 154l 155, [I71], 222], and various problem-specific methods
[125]. All these results have been recently surveyed in [47].

Bounded Difference Function Inequalities
The function Z is a BDF if it satisfies the following property [I81]:

|Z—-2Z% <e, ce(0,0), Vke{l,---,n}. (C.91)
If Z is a BDF we can state that [I8T]:

o2
Px, .. x, {Z —Ex, .. x, {Z} >t} <enez, te[0,00), (C.92)
2

Px, .. x, {Ex,.. x,{Z} —Z >t} <enez, te[0,0). (C.93)

The two above mentioned properties can be rewritten and we can state that
with probability (1 —e™®):

ne2x

Z = Exy e x A2} S\ 5 (C.94)
2

Ex,, . x.{2} —Z < nzx (C.95)

(C.96)

In order to proceed with the proof, let us define the following random variable:
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Zl‘ = ]EXl,-",Xi{f(Xla T 7Xn)} : ZO = Z, Zn = EXl,-~-,X"{Z}7 (097)

and note that

n

Z —Bx, .. x A2} =Y. (Zii1n— Z;). (C.98)

i=1

By construction we obtain:
Ex,{Zi-1— Z;} =0, (C.99)
and thanks to the fact that Z is a self bounding function we obtain:
Zi1—Z; < c. (C.100)
Consequently by exploiting Hoeffding’s Lemma we can state that:
Ex, ... x; {eh(zi‘lfzi)} <esh’e (C.101)

Based on these preliminary definitions we can state that:

Py x, 12 —Ex, .. x.{Z} >t} (C.102)
<eMEx, . x. {eh(Z—Exl,m ,x,,L{Z})} , te[0,0), heR  (C.103)
— Ry, () (€100
S MRy {ehzyﬂ(zi_l—zi)Exl {emzo—zn}} (C.105)
By - RCRE! (106
< e Mtesnh’e? (C.107)
< o (C.108)

where:

e In Eq. we have exploited Markov’s inequality;

e From Eq. to Eq. we have exploited the property of Eq.
(C.98);

e From Eq. to Eq. we have exploited the property of Eq.
(C.101);

e From Eq. to Eq. we applied the induction hypotheses;

e From Eq. to Eq. we have optimized respect to h.

The proof for the other BDFIQ are analogous.
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Self Bounding Function Inequalities

The function Z is a SBF if it satisfies the following properties [46]:

Z >0, (C.109)
0<Z-G*<e, ce(0,00), Vke{l,---,n}, (C.110)
3 [ G\k] (C.111)
k=1
If Z is a SBF we can state that [46]:
Px, o x, {Z = Ex, .. x,{Z} = t}
Exy e X 12} .
< ef X1, CX ¢<EX1,~-,XTL{Z}>
.
<e 2 X BF5 e [0, 00). (C.112)

The above mentioned result can be rewritten and we can state that with
probability (1 —e™):

~ Cx
7 —Ex .. x A2} <BEx, . xAZ}6(—5 ), C.113
s A2y < B 200 () (e
7 ~Ex, .. x,{Z} <\|202Ex, .. x,{Z} + % (C.114)

Moreover [46]:

Px, o x, {Ex, o x, {2} — Z = 1}

7]EX17...,X71{Z}¢ _ t
c LEXl,.,A’Xn{Z}

+2

¢ L X e [0,Ex, . x, {2}, (C.115)

<e

N

which can be rewritten and we can state that with probability (1 —e™®):

Ex, . x.{Z} — 7 < y/2caBx, .. x,{Z}. (C.117)

In this case we do not report the proofs which is rather technical, but they

can be retrieved from [46].
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Generalized Self Bounding Function Inequalities

The function Z is a GSBF if it satisfies the following properties [48]:

Z<Z-G%<e Vke{l,---,n}, (C.118)
Zp<d, Vke{l,--- ,n}, (C.119)
E[Z,] =0, Vke{l,---,n}, (C.120)
3 [Z - G\’“] <Z (C.121)
k=1

Let us define the following quantities:

1 n 5
2 /
ut > o k; Ex,,.x, [Zk] (C.122)
1+nd )
v= Ex, . x,{Z} +nu’. (C.123)

If Z is a GSBF we can state that [48]:

Pxio X AZ = Exy o x, A2} 2 1}
< efv(b(ﬁ)
2

<o FE ge[0,0). (C.124)

The above mentioned result can be easily reformulated. In particular with
probability (1 — e™*) we have that:

Z —Ex, . x,{Z} < cvd (%) ; (C.125)
Z —Ex, .. x,{Z} < V2c2zv + % (C.126)

Moreover [133], [134]:

Px, ... x, {Ex,,..x, {2} —Z =t}

< e_UqS(_%)

<e 2%, te [O,EXI’... ,Xn{Z}]' (0127)

The above mentioned result can be rewritten and we can state that with
probability (1 —e™%):
T

Ex, . x,{Z} - Z < cvé (f) ; (C.128)
v
Ex,.. x, {2} — Z < V2czv. (C.129)

Here the proofs are not reported but they can be retrieved from [48] 133 134].
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